
A Branching Time Variant of CaRet

Jens Oliver Gutsfeld, Markus Müller-Olm, and Benedikt Nordhoff

Institut für Informatik, Westfälische Wilhelms-Universität Münster, Germany

Abstract. A shortcoming of traditional logics like LTL and CTL on
Pushdown Systems is their inability to express specifications about the
call-/return-behavior or the stack content. A natural approach to this
problem is the logic CaRet. CaRet adds modalities to LTL that allow
specifications to navigate over calls and returns of procedures. In this pa-
per, BranchCaRet, a natural CTL-like variant of CaRet is defined that
provides existentially and universally quantified CaRet modalities. We
prove that BranchCaRet model checking is decidable and EXPTIME-
complete by extending a known CTL model checking algorithm for Push-
down Systems based on Alternating Büchi Pushdown Systems.

1 Introduction

In recent years, model checking has been ported from finite state systems to
a plethora of other models. One of these model classes are Pushdown Systems
(PDSs) which offer a natural abstraction of recursive programs [19]. Unlike finite
Kripke structures, they represent a possibly infinite state space and allow us to
track procedure calls using a call stack. In the last two decades, the well-known
logics LTL and CTL as well as the full modal µ-calculus have been considered for
PDSs [20,6,19,22,8]. However, these logics lack the ability to specify properties
about the call-/return-behaviour or the stack content. An example property one
would like to express is: “Every call has a matching return.” The logic CaRet
(Call and Return) [4] provides a solution to this problem. It extends the logic
LTL by two types of modalities: abstract modalities and caller modalities. In-
tuitively, abstract modalities inspect the local behaviour of procedures, while
caller modalities inspect the call chain. However, just like LTL, CaRet only de-
fines properties for single paths and cannot specify CTL-like requirements such
as “There is a path arising from this configuration satisfying φ” or “For all paths
arising from this configuration, φ holds”.

In this paper, we propose the novel logic BranchCaRet, a CTL-style vari-
ant of CaRet, that combines the ability of CaRet to specify call/return-related
properties with the ability of CTL to specify branching time properties. We show
that the BranchCaRet model checking problem can be solved by reduction to
the emptiness problem of Alternating Büchi Pushdown Systems and prove that
it is EXPTIME-complete, like CTL model checking on PDSs [6].

This paper is organised as follows: In Section 2, we introduce several well-
known classes of automata. In particular, we define Pushdown Systems as our
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model of systems, Alternating Büchi Pushdown Systems as our main tool of
analysis as well as Büchi Pushdown Systems and Multiautomata.

Then, in Section 3, we formally introduce the logics BranchCaRet∗, CaRet,
and BranchCaRet and explain their potential usefulness as well as their rela-
tion to each other. In Section 4, we show how the BranchCaRet model checking
problem can be decided using Alternating Büchi Pushdown Systems (ABPDSs)
by extending the model checking algorithm of Song and Touili for CTL [20] to
BranchCaRet. Finally, in Section 5, we summarise this paper and offer sugges-
tions for future work. Due to lack of space, we only prove some of the theorems
in this paper and provide the proofs for the others in the Appendix.

Related Work. The logic CaRet was introduced by Alur et al. [4] for Recursive
State Machines and ported to PDSs by Nguyen and Touili [17]. Several extensions
of CaRet have later been proposed in the literature. These include past-time op-
erators [18,7], a “Within”-modality [1] and a variant for multithreaded programs
[14,15]. The practical usefulness of CaRet model checking for malware detection
has been demonstrated by Nguyen and Touili [15,16]. A generalisation of the
modal µ-calculus called visibly pushdown µ-calculus that can express all CaRet
properties is given by Alur et al. [3]. We should mention that the translation
of CaRet is not direct but works via an encoding of a non-deterministic Büchi
Visibly Pushdown Automaton computed from a given CaRet formula. ABPDSs
were introduced by Song and Touili [20] and our approach for the construction of
the ABPDS from a BranchCaRet formula is based on their approach for CTL, as
mentioned already. A general overview of model checking techniques for PDSs,
including algorithms for model checking LTL, CTL and CTL∗, can be found in
Schwoon’s Phd thesis [19].

2 Preliminaries

In this section, we introduce Pushdown Systems as our system model class and
several language acceptor models. Let AP denote a finite, non-empty set of
atomic propositions. A Pushdown System [20,5] is a tuple P = (P, Γ,∆, λ, I)
consisting of a finite, non-empty set of control locations P , a finite, non-empty
stack alphabet Γ , a transition relation ∆ ⊆ (P × Γ ) × (P × Γ ∗), a labelling
function λ : P × Γ → 2AP , and a non-empty set of initial configurations I ⊆
P × Γ . We write (p, γ)→ (p′, ω) to denote ((p, γ), (p′, ω)) ∈ ∆. By slight abuse
of notation, we also write (p, γ) → (p′, ω) ∈ ∆. For simplicity, we assume that
∆ is total. We say that a rule (p, γ) → (p′, ω) ∈ ∆ pushes symbols onto the
stack if |ω| ≥ 2 and pops a symbol from the stack if ω = ε. We also presume the
existence of a bottom of stack symbol # ∈ Γ . This symbol may never be pushed
or popped and only self-loops (rules of the form (p,#) → (p,#)) are allowed
from it. We also require the existence of these self-loops since ∆ is total. In the
following, we use variants of γ, β and τ to denote symbols of Γ and variants of ω
to denote elements of Γ ∗. Following a widely used convention, we allow only the
following types of rules in ∆: (p, γ)→ (p′, γ′) (Internal actions), (p, γ)→ (p′, βτ)
(Calls) and (p, γ)→ (p′, ε) (Returns).
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A configuration of P is a tuple (p, ω) ∈ P × Γ ∗ and consists of a control
location p and a stack ω. A configuration can be thought of as a snapshot of an
execution of P. We say (p, γ) is the configuration head of a configuration (p, ω)
if ω = γω′. We use the same terminology for our other model classes.

The reachability relation ⇒P ⊆ (P × Γ+) × ∆∗ × (P × Γ ∗) for a PDS P
is defined as follows: (p, ω) ε

=⇒P (p, ω), (p, γω) r1w==⇒P (p′, ω′) if r1 = (p, γ) →
(p′′, ω′′) ∈ ∆ and (p′′, ω′′ω)

w
=⇒P (p′, ω′). We sometimes omit the rules and write

(p, ω) ⇒P (p′, ω′) if there is a sequence of rules w such that (p, ω)
w
=⇒P (p′, ω′)

for w ∈ ∆∗. Furthermore, we write (p, ω)
+
=⇒P (p′, ω′) for (p, ω) w

=⇒P (p′, ω′) with
w ∈ ∆+. From the reachability relation, we naturally obtain a function Pre∗ :
2P×Γ

∗ → 2P×Γ
∗
with Pre∗(C) = {(p, ω) | ∃(p′, ω′) ∈ C : (p, ω) ⇒P (p′, ω′)}.

The function Pre∗ returns the set of configurations from which a given set of
configurations is reachable.

We model the executions of Pushdown Systems by Kripke structures. The
Kripke structure KP = (Q,Q0, κ, δ) for a PDS P = (P , Γ , ∆, λ,I) consists of the
set of states Q = P ×Γ+, the set of initial states Q0 = {(p, γ#) | (p, γ) ∈ I}, the
labelling function κ : P × Γ ∗ → 2AP with κ(p, γω) = λ(p, γ), and the transition
relation δ = {(q, q′) ∈ Q×Q | ∃r ∈ ∆ : q

r
=⇒P q′}. A path of a Kripke structure

is an infinite sequence π = π0π1 . . . such that π0 ∈ Q0 and (πi, πi+1) ∈ δ for
all i. We write π(i) for the configuration πi. For a configuration π(i) = (p, ω) of
a path π of KP , we write |π(i)| to denote the size of the stack |ω|. We denote
the set of paths of KP by ΠP . Furthermore, we denote by Ext(π, i) the set
{π′ ∈ ΠP | ∀j ≤ i : π′(j) = π(j)} of possible extensions of π at index i.

In order to analyse executions of PDSs, we need three types of successor
functions: global successors, abstract successors and callers. The function succg :
ΠP ×N→ N defined by succg(π, i) = i+ 1 is the global successor function. The
global successor is the next index in the execution. succg is a total function as
all executions of PDSs are infinite and the configuration at the position i+1 can
thus never be undefined. In order to denote that a function is partial, we use the
symbol  . The partial function succa : ΠP × N N with

succa(π, i) =

{
inf {j | j > i ∧ |π(i)| = |π(j)|}, if |π(i+ 1)| ≥ |π(i)|,
undefined, otherwise

is the abstract successor function. Unlike the global successor, it behaves differ-
ently for different types of configurations. If the configuration at index i + 1 is
obtained by an internal rule, the abstract successor is equal to the global suc-
cessor. If the configuration at index i+1 is obtained by a call rule, the abstract
successor is the corresponding return (or undefined if that return does not exist).
If the global successor of the configuration at index i is a return, the abstract
successor is always undefined.

Finally, the partial function succ− : ΠP × N N defined by

succ−(π, i) =

{
sup {j | j < i ∧ |π(j)| < |π(i)|}, if ∃j < i : |π(j)| < |π(i)|
undefined, otherwise
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Fig. 1. A sample execution of a PDS P = (P, Γ∆, λ, I) where P = {p}, Γ =
{γ,#}, ∆ = {((p, γ), (p, γγ)), ((p, γ), (p, γ)), ((p, γ), (p, ε)), ((p,#), (p,#))}, λ(p, γ) =
λ(p,#) = {}, and I = {(p, γ)}.

is the caller function. This function assigns to an index i the index of the last
pending call before it, if there is one. Fig. 1 illustrates the three different kinds
of successor functions.

In order to find configurations from which calls without matching returns are
possible, we use Büchi Pushdown Systems. A Büchi Pushdown System (BPDS)
[19] is a tuple BPS = (P , Γ , ∆, G) consisting of a finite, non-empty set of
control locations P , a finite, non-empty stack alphabet Γ , a transition relation
∆ ⊆ (P × Γ )× (P × Γ ∗), and a set of accepting control locations G ⊆ P .

The reachability relation and the function Pre∗ for BPDSs are defined just
as for PDSs, and we write (p, ω)

w
=⇒BPS (p′, ω′) and (p, ω) ⇒BPS (p′, ω′). To

avoid ambiguities, we also differentiate between Pre∗P and Pre∗BPS .
A run c = (c0, c1 . . . ) of a BPDS BPS = (P , Γ , ∆, G) is an infinite sequence

of configurations with c0 = (p, ω#) and ci
ri=⇒BPS ci+1 for transition rules ri ∈ ∆.

A run is accepting if it visits control locations from G infinitely often (Büchi
condition). BPS accepts a configuration (p, ω#) if there is an accepting run
starting from (p, ω#).

For two configurations c and c′ of a BPDS BPS = (P, Γ,∆,G), we write
c � c′ to denote c ⇒BPS (g, ω)

+
=⇒BPS c′ for g ∈ G. Let (p, γ) ∈ P × Γ be a

head. We say that (p, γ) is a repeating head iff (p, γ)� (p, γω) for some ω ∈ Γ ∗.
We denote the set of repeating heads by R.

Two well-known theorems guide our analysis of BPDSs:

Theorem 1 ([19]). There is an accepting run from (p, γω) iff ω = ω′′# and
(p, γω)⇒BPS (p′, γ′ω′) for a repeating head (p′, γ′).

Theorem 2 ([11]). The repeating heads of a BPDS BPS = (P, Γ,∆,G) can be
computed in time O(|P |2 · |∆|) and space O(|P | · |∆|).

In conjunction with Theorem 5, these theorems allow us to efficiently compute
the configurations accepted by a BPDS.

For model checking our logic, we also need a variant of BPDSs with the ability
to branch existentially and universally. This variant is given by Alternating Büchi
Pushdown Systems. An Alternating Büchi Pushdown System (ABPDS) BP =
(P, Γ,∆, F ) consists of a finite, non-empty set of control locations P , a finite,
non-empty stack alphabet Γ , a function ∆ : P×Γ → φP×Γ∗ that maps elements
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of P × Γ to positive boolean formulae over P × Γ ∗ in disjunctive normal form,
and a non-empty set of final states F ⊆ P .

For any configuration head (p, γ), the associated formula φ = ∆(p, γ) has
the form

∨n
j=1

∧mj

i=1(p
j
i , ω

j
i ). We can consider each conjunction as a rule (p, γ)→

{(pj1, ω
j
1), . . . (p

j
mj
, ωjmj

)} and φ as a whole to be the set consisting of the right
hand sides of these rules. This allows us to express logical conditions that we
want to be true as transition rules and vice versa. We always implicitly assume
that there are two control locations p, p′ ∈ P such that p ∈ F and p′ /∈ F
and for these states, the only possible transition rules are (p, γ)→ {(p, γ)} and
(p′, γ) → {(p′, γ)} for all γ ∈ Γ . For some fixed γ ∈ Γ , we use true to denote
(p, γ) and false to denote (p′, γ). Furthermore, we mostly provide the transition
rules for ABPDSs by enumeration. Whenever we do not provide a transition rule
for a head (p, γ), we implicitly assume ∆(p, γ) = false to ensure ∆ is defined for
all heads. A run ρ of an ABPDS BP is an infinite tree of configurations that has
a root node c0 and if the configurations ci+1, . . . , ck are the children of a node
ci = (p, γω), then there is a rule (p, γ) → {(pi+1, ωi+1), . . . , (pk, ωk)} ∈ ∆ such
that ci = (pi+1, ωi+1ω), . . . , ck = (pk, ωkω) holds.

A path of a run ρ is a sequence r0r1 . . . of configurations such that r0 = c0
and ri+1 is a child node of ri. Such a run ρ of BP is accepting if every path
of ρ visits control locations in F infinitely often. We say that BP accepts a
configuration (p, ω) iff there is an accepting run from (p, ω). By construction,
all runs arising from a configuration with configuration head true are always
accepting and all runs arising from a configuration with configuration head false
are not accepting.

The reachability relation for an ABPDS BP ⇒BP ⊆ (P×Γ )×2P×Γ∗ is given
by the following rules: (p, ω) ⇒BP {(p, ω)} and (p, γω) ⇒BP {(p1,ω1ω),. . . ,
(pn,ωnω)} if (p, γ) → {(p1, ω1), . . . , (pn, ωn)} ∈ ∆, (p, γω) ⇒BP

⋃
Ci if (p,

γω)⇒BP {(p1, ω1), . . . , (pn, ωn)} and (pi, ωi)⇒BP Ci.
For our model checking algorithm, we need to compute the configurations ac-

cepted by an ABPDS. This can be done, for instance, by exploiting corresponding
constructions for Parity Pushdown Games (PPG). For a PPG, an Alternating
Multiautomaton (AMA) can be computed that recognises whether a configura-
tion belongs to the winning region of a given player in time exponential in the
number of control locations and the maximum priority of the PPG [13]. Since
an ABPDS corresponds to a PPG with maximum priority two and since there
is an algorithm that checks whether an AMA accepts a configuration in time
polynomial in the size of the AMA [10], we obtain the following:

Theorem 3. For a configuration c of an ABPDS BP, we can determine whether
BP accepts c in time exponential in |P | and polynomial in all other parameters.

Finally, we need a class of automata that assists in reachability analysis
and the definition of regular valuations. This class is given by Multiautomata.
Let P = (P, Γ,∆, λ, I) be a PDS. A Multiautomaton (MA) [20,5] for P is a
tuple A = (Q,Γ, δ,Qf ) such that Q is a finite, non-empty set of states with
P ⊆ Q, Γ , the input alphabet of A, is the finite, non-empty stack alphabet of
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P, δ ⊆ Q×Γ ×Q is a transition relation and Qf ⊆ Q is a set of final states. We
write q γ−→ q′ to denote (q, γ, q′) ∈ δ.

The reachability relation →δ ⊆ Q× Γ ∗ ×Q for A is given by the following
rules: q ε−→δ q and q γω−−→δ q

′ if q γ−→δ q
′′ and q′′ ω−→δ q

′ for some q′′ ∈ Q. We say
that an MA A accepts (p, ω) if p ω−→ q′ for some q′ ∈ Qf . We define the language
of A as

L(A) = {(p, ω) ∈ P × Γ ∗ | A accepts (p, ω)}.

A set of configurations is called regular if there is an MA recognising it.
It is well-known that multiautomata are closed under union, intersection and
complementation [5].

Theorem 4 ([9]). For an MA A and a configuration (p, ω), it can be determined
in time O(|δ| · |ω|) whether (p, ω) ∈ L(A) holds.

We can now state the following theorem which guides our analysis of possible
abstract successors in PDSs:

Theorem 5 ([19]). Let P = (P, Γ,∆, λ, I) be a PDS and A = (Q,Γ, δ,Qf ) be
an MA for P. An MA APre∗ = (Q,Γ, δ′, Qf ) with L(APre∗) = Pre∗(L(A)) can
be computed in time O(|Q|2 · |∆|) and space O(|Q| · |∆|+ |δ|).

3 CaRet and BranchCaRet

In this section, we briefly present the well-known logic CaRet and introduce the
new logic BranchCaRet. In order to consider both logics in a common framework,
we first introduce the novel logic BranchCaRet∗ that includes both logics as
subsets in order to allow for a more concise definition. Intuitively, BranchCaRet∗

is analogous to CTL∗ while CaRet and BranchCaRet are analogous to LTL and
CTL respectively.

A BranchCaRet∗ formula φ is a formula that can be built from the following
context-free grammar:

φ→ ap | ¬φ | φ ∧ φ | φ ∨ φ | Eφ | Aφ | ©fφ | ©l
Wφ | φ Uf φ | φ UaW φ |

φ Rf φ | φ RaW φ

for f ∈ {g, a,−} , l ∈ {a,−} and ap ∈ AP . We define true, false and ⇒ in
the usual way. The semantics of BranchCaRet∗ is defined as follows. Let P be a
PDS. P fulfills a formula φ (written P � φ) if and only if π � φ for all π ∈ ΠP
where π � φ is inductively defined by the following rules:

– π � φ iff (π, 0) � φ,
– (π, i) � ap iff ap ∈ κ(π(i)), ap ∈ AP ,
– (π, i) � ¬φ iff (π, i) 2 φ,
– (π, i) � φ1 ∧ φ2 iff (π, i) � φ1 ∧ (π, i) � φ2,
– (π, i) � φ1 ∨ φ2 iff (π, i) � φ1 ∨ (π, i) � φ2,
– (π, i) �©fφ1 iff ∃k : succf (π, i) = k ∧ (π, k) � φ1, f ∈ {g, a,−},
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– (π, i) �©f
Wφ1 iff ∀k : succf (π, i) = k ⇒ (π, k) � φ1, f ∈ {a,−},

– (π, i) � φ1 Uf φ2 iff ∃k : (π, succkf (π, i)) � φ2∧
∀0 ≤ l < k : (π, succlf (π, i)) � φ1, f ∈ {g, a,−},

– (π, i) � φ1 UaW φ2 iff ((π, i) � φ1 Ua φ2)∨
(∃k : succka(π, i) is undefined ∧
∀0 ≤ l < k : (π, succla(π, i)) � φ1),

– (π, i) � φ1 Rf φ2 iff ∀k : (succkf (π, i) is undefined ∨
(π, succkf (π, i)) � (¬φ2))⇒
(∃n < k : (π, succnf (π, i)) � φ1),

– (π, i) � φ1 RaW φ2 iff ((π, i) � φ1 Ra φ2)∨
(∃k : succka(π, i) is undefined ∧
∀0 ≤ l < k : (π, succla(π, i)) � φ2),

– (π, i) � Eφ1 iff ∃π′ ∈ Ext(π, i) : (π′, i) � φ1,
– (π, i) � Aφ1 iff ∀π′ ∈ Ext(π, i) : (π′, i) � φ1.

The BranchCaRet∗ model checking problem is to check whether P � φ for a
given PDS P and a BranchCaRet∗ formula φ. We sometimes need to consider
the equivalence of formulae and write φ ≡ φ′ for two BranchCaRet∗ formulae iff
for any P and any π ∈ ΠP , π � φ ⇐⇒ π � φ′.

The modalities ©g, Ug and Rg are just the usual LTL modalities, i.e. they
navigate over sequences of global successors. On the other hand, the modalities
©a, Ua and Ra navigate over abstract successors and the modalities ©−, U−
and R− navigate over callers.

The modalities©f
W ,RfW and UfW for f ∈ {g, a,−} are called weak modalities.

For a formula©f
Wφ with f ∈ {g, a,−} involving the weak successor modality, it

is required that either the respective successor fulfill φ or be undefined. Formulae
with a weak Until-Operator, i.e. φ1 UfW φ2, are fulfilled if either φ2 holds at some
point in the respective sequence or the respective successor is undefined at some
point, and in both cases, all configurations before that point in the sequence
fulfill φ1. The weak Release-operator is defined analogously. Notice that the
weak modalities can be derived from the normal modalities and we only introduce
them for the purpose of constructing formulae in Negation Normal Form (NNF).
The term weak is used only for modalities which also allow undefined successors
in this paper and not for constructs such as the well-known weak Until from the
literature that allows φ1 to hold forever.

For caller modalities, the existential and universal variant have the same
semantics because there is only one caller path anyway. We therefore consider
only existential caller modalities in the following.

From the basic modalities, we can derive other well-known modalities such
as Future by F fφ = true Uf φ and Generally by Gfφ = ¬(true Uf ¬φ) for f ∈
{g, a,−}. Furthermore, we can define φ1 U−W φ2 = φ1 U− (φ2 ∨ (φ1 ∧©−W false))
and φ1 R−W φ2 = (φ1 ∨ ©−W false) R− φ2. Therefore, we did not include the
modalities U−W and R−W in the syntax or semantics of BranchCaRet∗.
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The logic CaRet is the set of BranchCaRet∗ formulae which do not contain
any quantifiers. For instance, formula ©a(φ1 U

− φ2) is a CaRet formula, while
©aE©g ψ is not because CaRet does not allow for quantifiers. CaRet was origi-
nally introduced in [4] for the model of Recursive State Machines (RSMs). How-
ever, it is well-known that the dynamic behaviour of RSMs can be represented
by PDSs [2] and, indeed, CaRet has recently been ported to PDSs explicitly [17].
We therefore restrict our analysis to PDSs.

CaRet can be considered an extension of LTL with modalities for navigating
over sequences of abstract successors and callers instead of only global successors
(as in LTL).

3.1 BranchCaRet

The logic BranchCaRet is the set of BranchCaRet∗ formulae in which quantifiers
are only present in front of modalities and all modalities are quantified. As
an example, the formula E(φ1U

gA ©a φ2) is a BranchCaRet formula, while
©aA©g φ1 is not because the first modality is not quantified. The difference
between CaRet and BranchCaRet is analogous to the difference between LTL
and CTL: LTL and CaRet only allow modalities without quantifiers, CTL and
BranchCaRet only allow quantified modalities. Therefore, CaRet is a logic that
talks about linear properties of paths, while BranchCaRet is a branching-time
logic.

Naturally, BranchCaRet can express branching time variants of CaRet prop-
erties such as the ones presented in [4]. Furthermore, it can express classical
CTL properties in a local manner, i.e. on abstract paths and caller paths. It is
well-known, for instance, that pushdown systems can be used for interprocedural
dataflow analysis e.g. to identify live variables, very busy expressions or available
expressions [21,12,19,3]. In BranchCaRet, we can now express specifications for
these problems not just for global variables, but also for local variables using
abstract modalities. In order to illustrate this, we assume that the variables of a
program are divided into global (G) and local (L) variables with G∩L = ∅. We
call a variable x live at a control location u if there exists a path that, after vis-
iting u, encounters a use of x without encountering a definition of x in between.
As in CTL, to check whether a global variable x is live at a designated control
location labeled atu, we can use the specification EFg(atu∧E((¬defx) Ug usex)),
where the atomic proposition defx is valid just for the control locations where
the variable x is defined and usex for those where it is used. Liveness of a local
variable x can now be specified in BranchCaRet very similarly by the formula
EFg(atu ∧ E((¬defx) Ua usex)). Note that the abstract until modality Ua en-
sures that the uses and definitions of x are not confused with uses and definitions
of other variables with the same name x, e.g. in recursively called instances of
the same procedure. Similarly, recall that an expression e is very busy at a
control location u if it is evaluated on all paths emerging from u before any
of its free variables are redefined. To check whether an expression e that may
contain local as well as global variables is very busy at u, we use the formula
AGg(atu ⇒ A[(

∧
x∈FV (e)∩G ¬defx) Ug evale] ∧ A[(

∧
x∈FV (e)∩L ¬defx) Ua evale]),
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where FV (e) denotes the free variables of e and locations evaluating e are la-
beled with evale. Furthermore, we can express stack-related liveness properties
in BranchCaRet. An example is the property that the stack can always fully be
emptied which can be expressed by the following specification: AGgEFgE©−W
false. Another example is the property that for every call, it is possible to return
later. Assuming that control locations from which calls are possible are labelled
call and no other actions are possible from these control locations, we can de-
scribe this property by the formula AGg(call ⇒ E©a true). In this setting, the
same property can be expressed by AGg E©−W E©a true without the assumption
that calls are labelled.

For the relation between CaRet and BranchCaRet, we have the following
theorem since we can consider both logics on Kripke structures (treated as PDSs
without stack action) only and they then reduce to LTL and CTL respectively:

Theorem 6. The expressive power of BranchCaRet and CaRet is incomparable.

4 Model Checking

4.1 Computing Abstract Successors and Loops

In addition to the well-known CTL modalities, BranchCaRet allows us to refer-
ence callers and abstract successors. In order to cope with the latter in a model
checking procedure, two problems need to be considered. First of all, we have to
compute all possible abstract successors for a given configuration. Secondly, we
need to find the heads from which a call without a matching return is possible.
This is necessary for handling abstract modalities correctly.

The first problem is solved by precomputing the heads of possible abstract
successors. It is easy to see that the head of a possible abstract successor depends
only on the head of the current configuration. Hence we can reduce the analysis
of abstract successors of configurations to the analysis of abstract successors of
heads. For this purpose, we introduce the function PSReturnsH : P×Γ → 2P×Γ

where PSReturnsH(p, γ) = {(p′, τ) | (p, γ) → (p′′, βτ) ∧ (p′′, β#) ⇒P (p′,#)}.
This function associates every head with heads of possible returns.

Theorem 7. Let π ∈ ΠP and π(i) = (p, γω). There exists π′ ∈ Ext(π, i)
such that (π′, i) is a call and succa(π′, i) = k and π′(k) = (p′, τω) iff (p′, τ) ∈
PSReturnsH(p, γ).

Theorem 7 implies we solely need PSReturnsH to find the possible heads of
returns for a call. From the definition of PSReturnsH , we can directly infer a
procedure to compute it. This procedure is given by Algorithm 1. Using Theo-
rems 4 and 5 for the complexity of the computation of Pre∗ and the membership
check in the MA generated by the Pre∗ algorithm, we obtain the following com-
plexity:

Theorem 8. Algorithm 1 computes PSReturnsH in time O(|∆|2 · |P |).



10

Algorithm 1 An algorithm for computing PSReturnsH .
1: Input: A PDS P = (P, Γ,∆, λ, I)
2: Output: The function PSReturnsH as a set
3: Calls = {(p, γ)→ (p′′, βτ) ∈ ∆}
4: for all (p, γ) ∈ P × Γ do
5: PSReturnsH(p, γ) = ∅
6: while Calls 6= ∅ do
7: Choose and remove a rule (p, γ)→ (p′′, βτ) from Calls
8: for all p′ ∈ P do
9: if (p′′, β#) ∈ Pre∗({(p′,#)}) then
10: PSReturnsH(p, γ) = PSReturnsH(p, γ) ∪ {(p′, τ)}
11: return PSReturnsH

We now turn to the analysis of possibly undefined abstract successors. For a
PDS P = (P, Γ,∆, λ, I), let PSLoopsH ⊆ P × Γ be the set such that (p, γ) ∈
PSLoopsH iff there is (p, γ) → (p′, βτ) ∈ ∆ and an infinite sequence c0c1 . . .
with c0 = (p′, β#). For each ci we require a rule ri ∈ ∆ such that ci

ri=⇒P ci+1 and
|ci| ≥ |c0| must hold for all i. The set PSLoopsH thus characterises the heads
from which a call with an undefined abstract successor is possible. The name
PSLoopsH for configurations with calls without matching returns is chosen in
the spirit of infinite loops in computer programs.

Theorem 9. Let P = (P, Γ,∆, λ, I) be a PDS, π ∈ ΠP and π(i) = (p, γω)
for i ∈ N. There is π′ ∈ Ext(π, i) such that (π′, i) is a call and succa(π′, i) is
undefined iff (p, γ) ∈ PSLoopsH .

The associated BPDS for a PDS P = (P, Γ,∆, λ, I) is BPSP = (P ′, Γ,∆′, G)
with control locations P ′ = P ·∪ {ploop}, accepting control locations G = P and
rules ∆′ = (∆ \ {(p,#)→ (p,#) | p ∈ P}) ∪ {(p,#)→ (ploop,#) | p ∈ P ′}.

Theorem 10. For any head (p, γ), (p, γ) ∈ PSLoopsH iff there is (p, γ) →
(p′, βτ) ∈ ∆ and there is an accepting run from (p′, β#) in BPSP .

Algorithm 2 uses the observation from Theorem 10 that PSLoopsH can be
computed by analysing accepting runs from heads in BPSP . Using Theorems 2,
4 and 5, we obtain the following complexity result:

Theorem 11. Algorithm 2 computes the set PSLoopsH in time O(|∆|2 · |P |2).

4.2 Configurations with Call Histories

In order to check formulae involving caller modalities, we need to know the last
call without a matching return that was made before a configuration. However,
there is in general no way to infer this call just from the configuration itself
because different calls can lead to the same configuration. In order to solve this
problem, we store the caller’s head in the stack. For this, we use special stack
symbols of the form (γ, (p′, γ′)). More concretely, for a call rule (p, γ)→ (p′, βτ),



11

Algorithm 2 An algorithm for computing PSLoopsH .
1: Input: A PDS P = (P, Γ,∆, λ, I)
2: Output: The set PSLoopsH
3: Calls = {(p, γ)→ (p′, βτ) ∈ ∆}
4: PSLoopsH = ∅
5: Construct BPSP
6: Compute the repeating heads R of BPSP
7: while Calls 6= ∅ do
8: Remove a rule (p, γ)→ (p′, βτ) from Calls
9: if (p′, β#) ∈ Pre∗BPS({(p′′, γ′′ω) | (p′′, γ′′) ∈ R}) then
10: PSLoopsH = PSLoopsH ∪ {(p, γ)}
11: Return PSLoopsH

we switch to (p′, β(τ, (p, γ))) instead of (p′, βτ). For this purpose, we introduce
configurations with call histories. Let Σ = (P × Γ ) be the set of possible caller
heads and Ξ = Γ ∪ (Γ × Σ) be the set of stack symbols and stack symbols
equipped with caller heads. We call the elements of P ×Ξ+ configurations with
call histories. In the following, we use variants of ξ for elements of Ξ, variants of
σ to denote elements of Σ and variants of Ω to denote elements of Ξ∗. In each
configuration with call history, the symbol from Γ is the usual stack symbol as
in a normal configuration and the symbol from Ξ denotes the head of the caller.

In order to employ configurations with call histories for model checking, we
need a method to construct a configuration with call history from a configuration
in a path. The function Conf : ΠP × N → P × Ξ+ serves this purpose. For
π ∈ ΠP and i ∈ N with π(i) = (p, γ1 . . . γn#) and π(succm− (π, i)) = (p′m, γ′mωm)
for 1 ≤ m < n, we define

Conf (π, i) =


(p, γ1(γ2, (p

′
1, γ
′
1)) . . . (γn, (p

′
n−1, γ

′
n−1))#), if n > 1,

(p, γ1#), if n = 1,

(p,#), if n = 0.

Configurations with call histories now enable us to handle caller modali-
ties very easily. Whenever we need to reason about the caller of (π, i) and
Conf (π, i) = (p, γ(γ′, (p′, γ′′))Ω), we can just pop the symbol γ from the stack
and afterwards switch to (p′, γ′′Ω) to restore the caller.

For the analysis of configurations with call histories, we introduce two types
of successor relations. These relations lift the global and the abstract successor
to configurations with call histories. The relation ↪→g ⊆ (P × Γ )× (P ×Ξ∗) is
the smallest relation for which the following conditions hold:

– If (p, γ)→ (p′, γ′) ∈ ∆, then (p, γ) ↪→g (p
′, γ′).

– If (p, γ)→ (p′, ε) ∈ ∆, then (p, γ) ↪→g (p
′, ε).

– If (p, γ)→ (p′, βτ) ∈ ∆, then (p, γ) ↪→g (p
′, β(τ, (p, γ))).

The relation ↪→g lifts the global successor to configurations with call histories.
For internal moves, the transition is the same as in ∆. For calls, the control
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location and top of stack symbol are updated, but additionally, the head of the
caller is saved in the second stack symbol. This enables us to reconstruct the
caller at any point of time. The relation ↪→a ⊆ (P×Γ )×(P×Ξ∗) is the smallest
relation for which the following conditions hold:

– If (p, γ)→ (p′, γ′) ∈ ∆, then (p, γ) ↪→a (p′, γ′).
– If (p′, τ) ∈ PSReturnsH(p, γ), then (p, γ) ↪→a (p′, τ).

The relation ↪→a lifts the abstract successor to configurations with call histories.
If a possible abstract successor is given by an internal move, it works exactly as
↪→g. On the other hand, if a call from the current configuration is possible and
a matching return exists, ↪→a can jump directly to that successor.

We now introduce ADF (Always Def ined) sets that indicate whether suc-
cessors of different types are always defined for configurations.

– ADFa = {(p, γΩ) | (p, γ) → (p′, ε) /∈ ∆ ∧ (p, γ) /∈ PSLoopsH} is the set of
configurations with call histories such that succa(π, i) is always defined iff
Conf (π, i) ∈ ADFa.

– ADFg = P × Ξ+ is the set of configurations with call histories such that
succg(π, i) is always defined iff Conf (π, i) ∈ ADFg.

Notice that since succg(π, i) is always defined, we introduce the set ADFg for
mere notational convenience to simplify rules in our ABPDS.

4.3 Negation Normal Form

In order to check whether a formula holds in a given PDS, we need to transform
the formula to a special form for the construction of the ABPDS. A BranchCaRet
formula is in Negation Normal Form (NNF) iff the operator ¬ occurs only in
front of atomic propositions.

Since the existential quantifier is dual to the universal quantifier and ©W ,
UW and RW are dual to ©, R and U respectively, we can drive the negations
inwards to obtain a BranchCaRet formula φ′ in NNF for any BranchCaRet
formula φ. Hence, we have:

Theorem 12. For every BranchCaRet formula φ, there is an equivalent Branch-
CaRet formula φ′ in NNF.

4.4 An ABPDS for BranchCaRet Model Checking

In this section, we define the ABPDS for a PDS and a formula and show how it
can be used for model checking. Our construction extends the construction by
Song and Touili for CTL [20]. The construction we use for the global modalities
is largely the same as theirs, but we also need to take abstract successors and
callers into account. We thus have to add appropriate transitions to possible
returns and save the call history on the stack to handle caller modalities. Our
construction relies on the closure of a formula. This closure will be used to define
the states of our ABPDS: For a BranchCaRet formula φ in NNF, the closure
cl(φ) is the smallest set such that
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– φ ∈ cl(φ),
– If φ1 ∧ φ2 ∈ cl(φ) or φ1 ∨ φ2 ∈ cl(φ), then φ1 ∈ cl(φ) and φ2 ∈ cl(φ),
– If φ′ ≡ Q Op ψ ∈ cl(φ) for Op ∈ {©f ,©l

W }, then ψ ∈ cl(φ),
– If Q φ1 Op φ2 ∈ cl(φ) for Op ∈ {Uf , Rf , U lW , RlW }, then φ1 ∈ cl(φ) and
φ2 ∈ cl(φ),

– If φ′ ≡ E(φ1 Op φ2) ∈ cl(φ) for Op ∈ {R−,U−}, then φ1 ∈ cl(φ), φ2 ∈ cl(φ)
and E©− φ′ ∈ cl(φ),

– If φ′ ≡ E(φ1 Op φ2) ∈ cl(φ) for Op ∈ {R−W ,U
−
W }, then φ1 ∈ cl(φ), φ2 ∈ cl(φ)

and E©−W φ′ ∈ cl(φ),

for f ∈ {g, a,−}, l ∈ {g, a} and Q ∈ {E,A}. For a formula φ without caller
modalities, the closure is simply the set of subformulae of φ. On the other hand,
for caller modalities, we also require that the formula itself as well as an appro-
priate formula involving a caller modality be in the closure. This is necessary
because caller modalities are backwards looking. For example, when we encounter
a Caller-Until formula φ ≡ φ1 U− φ2 and we see that φ2 does not hold at (π, i),
we need to check whether φ1 holds at (π, i) and φ holds at the caller of (π, i).
We can do this by checking the formula φ′ ≡ φ1 ∧E©− φ, but for this purpose,
we need E©− φ in the closure of φ.

Let P = (P, Γ,∆, λ, I) be a PDS and φ be a BranchCaRet formula in NNF.
Let further P ′ = (P ∪ {pc}) × cl(φ) for a fresh control location pc. We denote
the elements of P ′ as [p, φ] and [pc, φ] respectively. We define an ABPDS BP =
(P ′, Ξ,∆′, F ). Let F ⊆ P ′ be the smallest set such that

– [p, ap] ∈ F , ap ∈ AP ,
– [p,¬ap] ∈ F , ap ∈ AP ,
– [p,E(φ1 Rf φ2)] ∈ F , f ∈ {g, a},
– [p,A(φ1 Rf φ2)] ∈ F , f ∈ {g, a},
– [p,E(φ1 RaW φ2)] ∈ F ,
– [p,A(φ1 RaW φ2)] ∈ F

iff the respective control locations are members of P ′. In order to define the tran-
sition rules of ∆, we often use conjunctions of the form

∧
i∈I φi and disjunctions

of the form
∨
i∈I φi for an index set I and certain formulae φi. We adopt the

convention that if I is empty,
∧
i∈I φi evaluates to true and

∨
i∈I φi evaluates to

false. ∆′ has the following transition rules iff the respective control locations of
the form [p, φ] and [pc, φ] are members of P ′:

1. ([p, φ], (γ, (p, γ′)))→ ([p, φ], γ) ∈ ∆′,
2. ([p, ap], γ)→ ([p, ap], γ) ∈ ∆′, ap ∈ AP ∧ ap ∈ λ(p, γ),
3. ([p,¬ap], γ)→ ([p,¬ap], γ) ∈ ∆′, ap ∈ AP ∧ ap /∈ λ(p, γ),
4. ([p, φ1 ∧ φ2], γ)→ ([p, φ1], γ) ∧ ([p, φ2], γ) ∈ ∆′,
5. ([p, φ1 ∨ φ2], γ)→ ([p, φ1], γ) ∨ ([p, φ2], γ) ∈ ∆′,
6. ([p,E©f φ1], γ)→

∨
(p,γ)↪→f (p′,Ω)([p

′, φ1], Ω) ∈ ∆′, f ∈ {g, a},
7. ([p,A©f φ1], γ) →

∧
(p,γ)↪→f (p′,Ω)([p

′, φ1], Ω) ∈ ∆′ , f ∈ {g, a} ∧ (p, γ) ∈
ADFf ,

8. ([p,E(φ1 Uf φ2)], γ)→ ([p, φ2], γ) ∈ ∆′, f ∈ {g, a},
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9. ([p,E(φ1 Uf φ2)], γ) →
∨

(p,γ)↪→f (p′,Ω)(([p, φ1], γ) ∧ ([p′, E(φ1 Ufφ2)], Ω)) ∈
∆′, f ∈ {g, a},

10. ([p,A(φ1 Uf φ2)], γ)→ ([p, φ2], γ) ∈ ∆′, f ∈ {g, a},
11. ([p,A(φ1 Uf φ2)], γ)→

∧
(p,γ)↪→f (p′,Ω)(([p, φ1], γ) ∧ ([p′, A(φ1 Uf φ2)], Ω)) ∈

∆′, (p, γ) ∈ ADFf ,
12. ([p,E(φ1 Rf φ2)], γ)→ ([p, φ2], γ) ∧ ([p, φ1], γ) ∈ ∆′,
13. ([p,E(φ1 Rf φ2)], γ)→

∨
(p,γ)↪→f (p′,Ω)(([p, φ2], γ)∧ ([p′, E(φ1 Rf φ2)], Ω)) ∈

∆′, f ∈ {g, a},
14. ([p,A(φ1 Rf φ2)], γ)→ ([p, φ2], γ) ∧ ([p, φ1], γ) ∈ ∆′, f ∈ {g, a},
15. ([p,A(φ1 Rf φ2)], γ)→

∧
(p,γ)↪→f (p′,Ω)(([p, φ2], γ)∧ ([p′, A(φ1 Rf φ2)], Ω)) ∈

∆′, f ∈ {g, a} ∧ (p, γ) ∈ ADFf ,
16. ([p,E©a

W φ1], γ)→ true ∈ ∆′, (p, γ) /∈ ADFa,
17. ([p,E©a

W φ1], γ)→
∨

(p,γ)↪→a(p′,Ω)([p
′, φ1], Ω) ∈ ∆′,

18. ([p,A©a
W φ1], γ)→

∧
(p,γ)↪→a(p′,Ω)([p

′, φ1], Ω) ∈ ∆′,
19. ([p,E(φ1 UaW φ2)], γ)→ ([p, φ1], γ) ∈ ∆′, (p, γ) /∈ ADFa,
20. ([p,E(φ1 UaW φ2)], γ) → ([p,φ2], γ) ∨

∨
(p,γ)↪→a(p′,Ω) (([p,φ1], γ) ∧ ([p′,

E(φ1 UfW φ2)], Ω)) ∈ ∆′,
21. ([p,A(φ1 UaW φ2)], γ)→ ([p, φ2], γ) ∈ ∆′,
22. ([p,A(φ1 UaW φ2)], γ)→ (([p, φ1], γ)∧

∧
(p,γ)↪→a(p′,Ω)([p

′, A(φ1 U
a
W φ2)], Ω)) ∈

∆′,
23. ([p,E(φ1 RaW φ2)], γ)→ ([p, φ2], γ) ∈ ∆′, (p, γ) /∈ ADFa,
24. ([p,E(φ1 RaW φ2)], γ)→ (([p, φ2], γ) ∧ ([p, φ1], γ)) ∨∨

(p,γ)↪→a(p′,Ω)(([p, φ2], γ) ∧ ([p′, E(φ1 RaW φ2)], Ω)) ∈ ∆′,
25. ([p,A(φ1 RaW φ2)], γ)→ (([p, φ2], γ) ∧ ([p, φ1], γ)) ∈ ∆′,
26. ([p,A(φ1 RaW φ2)], γ)→ (([p, φ2], γ)∧

∧
(p,γ)↪→a(p′,Ω)([p

′, A(φ1 RaW φ2)], Ω)) ∈
∆′,

27. ([p,EMφ1], γ)→ ([pc, EMφ1], ε) ∈ ∆′,M ∈ {©−,©−W } ∧ γ 6= #,
28. ([p′, E©−W φ1],#)→ true ∈ ∆′, p′ ∈ P ∪ {pc}
29. ([pc, EMφ1], (γ, (p

′, γ′))→ ([p′, φ1], γ
′) ∈ ∆′,M ∈ {©−,©−W },

30. ([p,E(φ1 U− φ2)], γ) → ([p, φ2], γ) ∨ (([p, φ1], γ) ∧ ([p, E©− E(φ1 U− φ2)],
γ)) ∈ ∆′,

31. ([p,E(φ1 R− φ2)], γ) → (([p, φ2], γ) ∧ ([p, φ1], γ)) ∨ (([p, φ2], γ) ∧ ([p,E©−
E(φ1 R− φ2)], γ)) ∈ ∆′.

Finally, we need a function that associates executions of our PDS and formu-
lae with configurations of our ABPDS: Let Conf (π, i) = (p,Ω) and φ be a
BranchCaRet formula in NNF. Then Assoc : (ΠP × N) × cl(φ) → P ′ × Ξ+,
Assoc(π, i, φ) = ([p, φ], Ω) is the function that associates every (π, i) and Branch-
CaRet formula φ with a configuration of BP. After this formal introduction, we
now explain the intuition behind the construction of BP. Our objective is to
show that (π, i) � φ iff there is an accepting run from Assoc(π, i, φ).

The control locations P ′ of BP are divided into two sets: control loca-
tions equipped with formulae [p, φ] and intermediate states [pc, φ]. Starting from
Assoc(π, i, φ), the configurations of BP reachable with a single transition rule
are of the form Assoc(π′, k, φ′) for π′ ∈ Ext(π, i), φ′ ∈ cl(φ) and some index k.
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The only exception are configurations with control locations of the form [pc, φ]
in their head. These control locations solely are used to restore the caller in case
we encounter a caller modality. The transition rules in ∆′ are straightforward
applications of the semantics of BranchCaRet. We explain these rules and the set
F in turn to establish an intuitive basis for the formal correctness proof of our
approach. Our rules consist of three general blocks. The first block (rules 1-15)
handles (negated) atomic propositions as well as global and abstract modalities.
An atomic proposition holds iff the current configuration is labelled with it, so
we construct an accepting run via an infinite loop in this case and include no
transitions at all otherwise. For successor modalities, we can just check if the
formula φ1 holds in the respective successor, while also requiring that the suc-
cessor be always defined in the universal case. For Until formulae, we always
check whether φ2 holds directly or φ1 holds and the Until formula holds again
in the respective successor. The Release modality is handled analogously. The
only outlier in this block is rule 1. This rule is only applicable after a symbol has
been popped from the stack using a rule that does not refer to caller modalities.
In this case, when we encounter a symbol that combines a stack symbol and the
head of a caller, we can just ignore that caller and place just the stack symbol on
the stack. The second block (rules 16-26) handles weak abstract modalities. The
rules for these modalities are largely similar to the corresponding rules in the first
block, but we also allow the abstract successor to be undefined in the relevant
cases. For example, for the existential abstract successor modality, we require
that either the abstract successor be undefined (as indicated by the ADFa set)
or fulfill φ2. In both blocks, the control locations for the Release modality are
in F because we also need to construct accepting runs in case these are visited
infinitely often. In contrast, all other modalities only lead to finitely many steps
before either a Release modality or a (negated) atomic proposition is encoun-
tered. Therefore, the control locations for these modalities do not need to be
included in the set F . The third block (rules 27-31) deals with caller modali-
ties. The caller is handled by popping the current symbol from the stack and
switching into the intermediate state pc. If the current configuration with call
history has a caller, this intermediate state will contain a stack symbol of the
form (γ, (p′, γ′)) and (p, γ′) will be the configuration head of the caller. Thus,
we can restore the configuration with call history that was present when the call
was made then check whether the formula holds in that configuration. If the
stack symbol is not of that form, we know there is no caller and can use this
information to construct an accepting run for weak caller formulae. The other
caller modalities are handled by reduction to the simple caller modality. For
caller modalities, we do not need to include the control locations for Release in
F because only finitely many steps are possible anyway. We can now state our
main theorem for the connection between BranchCaRet model checking and the
ABPDS BP.

Theorem 13. Let φ be a BranchCaRet formula in NNF and π ∈ ΠP . Then
(π, i) � φ iff there is an accepting run from Assoc(π, i, φ) in BP .
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Using algorithms 1 and 2 to compute PSReturnsH and the ADF sets, we can
construct BP in polynomial time. Since there are only at most |P | · |Γ | initial
configurations and thus only that many variants of π(0), we only need to check
for |P | · |Γ | configurations whether there is an accepting run from the respec-
tive configuration to solve the BranchCaRet model checking problem. There are
O(|P |·|φ|) control locations in BP and we can therefore use Theorem 3 to obtain:

Theorem 14. The BranchCaRet model checking problem can be solved in time
exponential in |P | and |φ| and polynomial in |Γ | and |∆|.

In conjunction with the fact that CTL model checking is already EXPTIME-
hard [6] (even for a fixed size formula), we obtain the following result:

Theorem 15. BranchCaRet model checking is EXPTIME-complete (even for a
fixed size formula).

This is the same model checking complexity as for CTL. Theorem 15 also
shows why it is prudent to consider BranchCaRet separately from the whole
BranchCaRet∗. For the latter logic, we obtain a lower bound of 2EXPTIME-
hardness because this bound already holds for the subset CTL∗ [6]. Thus, model
checking BranchCaRet is generally more efficient. We note that our approach can
easily be extended to accommodate regular stack properties as atomic proposi-
tions with similar transition rules as in [20].

5 Conclusion

In this paper, we introduced the logic BranchCaRet as a branching time variant
of CaRet. We showed how the BranchCaRet model checking problem can be
solved via the construction of ABPDSs and checking them for emptiness. We
further proved BranchCaRet model checking to be EXPTIME-complete and
therefore to have the same asymptotic model checking complexity as CTL.

Future Work. We would like to implement our model checking algorithm in a
model checker to analyse its feasibility in case studies. Furthermore, a natural
question would be whether and how our model checking approach for Branch-
CaRet can be extended to the full logic BranchCaRet∗ which was only consid-
ered as a general framework in this paper. As mentioned in Section 1, the visibly
pushdown µ-calculus (VP-µ) [3] can express all properties of the logic CaRet. It
would be interesting to investigate the relation of VP-µ to BranchCaRet. Finally,
we would like to analyse whether our approach can be extended to a branching
time version of the logic NWTL and the “Within”-modality introduced by Alur
et al. in [1].
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Appendix

Proof (of Theorem 7). We prove the following stronger statement from which
our claim trivially follows:

∃π′ ∈ Ext(π, i) : π′(i+ 1) = (p′′, βτω) ∧ π′(succa(π′, i)) = (p′, τω)

⇐⇒ (p, γ)→ (p′′, βτ) ∈ ∆ ∧ (p′′, β#) ∈ Pre∗({(p′,#)})

1. “⇒”
Let π′ ∈ Ext(π, i) with π′(i+ 1) = (p′′, βτω) and π′(succa(π′, i)) = (p′, τω).
Naturally, (p, γ) → (p′′, βτ) then holds. Let succa(π′, i) = k. By definition,
succa = inf{j|j > i ∧ |π′(j)| = |π′(i)|}. This implies |π′(j)| ≥ |π′(i + 1)|
∀(i+1) ≤ j ≤ (k− 1) and |π′(k)| = |π′(i+1)| − 1. Let π′(k− 1) = (q, γ′τω).
We therefore obtain (p′′, β#) ⇒P (q, γ′#). Since π′(k) = (p′, τω), there
must be a transition (q, γ′) → (p′, ε) ∈ ∆ and thus (q, γ′#) ⇒P (p′,#). In
combination, (p′′, β#)⇒P (p′,#) and therefore (p′′, β#) ∈ Pre∗({p′,#}).

2. “⇐”
Let (p, γ) → (p′′, βτ) ∈ ∆ and (p′′, β#) ∈ Pre∗({(p′,#)}). Let π(i) =
(p, γω). By assumption, there is a sequence c0, . . . , ck with c0 = (p′′, β#),
ck = (p′,#) and cj

rj
=⇒P cj+1 for all 0 ≤ j < k with rj ∈ ∆. Without

loss of generality, we can assume |cj | > |ck| because there are only self-loop
rules for heads with # as the top stack symbol. Let ck−1 = (q, γ′#). We
obtain an extension π′ ∈ Ext(π, i) such that π′(i+ (k − 1)) = (q, γ′τω) and
|π′(j)| ≥ |π′(i+1)|∀(i+1) ≤ j < k. There must be a rule (q, γ′)→ (p′, ε) ∈ ∆
and therefore we can construct π′ with π′(i+k) = (p′, τω). By construction,
succa(π

′, i) = i+ k and this concludes the proof. ut

Proof (of Theorem 8). The initialisation in line 5 is executed |P |∗ |Γ | times. The
main loop in line 6 is executed once for every call rule since Calls is initialised to
all possible call rules and no rules are ever added to Calls afterwards. A natural
upper bound for |Calls| is given by |∆| because there cannot be more call rules
than total transitions. Therefore, we can assume that the main loop is executed
|∆| times in the worst case. In every iteration of the main loop, the loop in line
8 is executed |P | times and we can implement the check in line 8 using Theorem
1. Thus, Algorithm 1 always terminates. For correctness, notice that only heads
(p, γ) for which call rules exist can have any returns. Therefore, if no call rules
exist for a head (p, γ), the returns for that head are initialised to ∅ in line 5.
They are also never changed afterwards because no entries for the head exist
in Calls and the main loop considers only entries from Calls. This implies that
Algorithm 1 works correctly for heads without associated call rules. For all other
heads, there is an entry for every call rule in Calls. The loop in line 8 checks
for every control location whether it is part of a head of a possible return and
the correctness follows from Theorem 7. For the complexity analysis, only the
execution time of line 9 remains to be estimated. Since an AMA for {(p,#)} for
any p ∈ P can be constructed in constant time and with constant size, it takes
time O(|∆|) to construct APre∗ and O(|∆|) time to decide the membership of
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(p′′, β#) in Pre∗({p′,#}) because the size of heads is constant and the size of
APre∗ is in O(|∆|). In total, we obtain a bound of O(|P | ∗ |Γ |+ |∆|2 ∗ |P |) and
this can be simplified to O(|∆|2 ∗ |P |) since there is at least one transition rule
for every head (p, γ) and thus |∆| ≥ |P | ∗ |Γ | holds.

Proof (of Theorem10).

– “⇒”
Let (p, γ) ∈ PSLoopsH . By assumption, there is a rule (p, γ)→ (p′, βτ) ∈ ∆
and an infinite sequence c0c1 . . . such that c0 = (p′, β#), ci

ri=⇒P ci+1 for
ri ∈ ∆ and |ci| ≥ |c0|∀i ≥ 1. The same sequence is a valid run in BPSP
because the symbol # is never reached and this implies all transition rules ri
are also available in ∆′. Also, P = G holds and therefore accepting control
locations are visited infinitely often in c. This means c is accepting.

– “⇐”
Let c = (c0, c1, . . . ) be an accepting run from (p′, β#) in BPSP . This means
no configuration (p,#) can ever be visited because otherwise, the run would
have to visit (ploop,#), but this configuration is not accepting and only has
a self-loop as a possible transition. Therefore, all rules and control locations
used to construct c are also available in P. Furthermore, |ci| ≥ |c0|∀i holds.
The rule (p, γ) → (p′, βτ) is available in ∆ by assumption and we obtain
(p, γ) ∈ PSLoopsH . ut

Proof (of Theorem 11). The construction in line 5 removes every transition of
the form (p,#) → (p,#) ∈ ∆ and instead adds a transition to (p,#) → (p′,#)
to ∆′. Since one such transition exists for every p ∈ P , this can be done in
|P | steps. The computation of the repeating heads in line 6 can be performed
in time O(|P |2 ∗ |∆|) by Theorem 2. The loop in line 7 cannot be executed
more than |∆| times in the worst case because we can again use |∆| as an
upper bound for |Calls|. Furthermore, there can be between 0 and |P × Γ |
repeating heads and we can build an AMA A = (Q,Γ, δ,Qf ) representing the
set {(p′′, γ′′ω)|(p′′, γ′′) ∈ R} as follows:

– Q = P ∪ {qf},
– δ = {(p, γ, qf )|(p, γ) ∈ R} ∪ {(qf , γ, qf )|γ ∈ Γ},
– Qf = {qf}.

Obviously, A can be constructed in time O(|P × Γ |), |Q| = |P + 1| and |δ| =
O(|P × Γ |). Accordingly, APre∗ for this set can be computed in time O(|Q|2 ∗
|∆|) = O(|P |2 ∗ |∆|) by Theorem 5. The membership of (p′, β#) in L(APre∗)
can be checked in time O(|δ| + |P 2| ∗ |∆|) by Theorem 4. The bounds for the
construction of BPSP and the construction of A are asymptotically irrelevant.
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Adding the remaining bounds, we obtain a total bound of

O(|P |2 ∗∆|) +O(|P |2 ∗ |∆|) +O(|∆| ∗ (|δ|+ |P |2 ∗ |∆|))
= O(|∆| ∗ |δ|+ |∆|2 ∗ |P |2)
= O(|∆| ∗ |P | ∗ |Γ |+ |∆|2 ∗ |P |2)
= O(|∆|2 ∗ |P |2 + |∆|2 ∗ |P |2) (|∆| ≥ |P | ∗ |Γ |)
= O(|∆|2 ∗ |P |2)

The correctness of Algorithm 2 follows from Theorem 10 and Theorem 1. ut

We frequently make use of the following proposition:

Proposition 1. Let π ∈ Π and π′ ∈ Ext(π, i). For any BranchCaRet formula
φ, (π, i) � φ iff (π′, i) � φ.

Proof. The proof is by induction on the complexity of φ.

Basis: φ = ap, ap ∈ AP
By definition, π(i) = π′(i) and therefore ap ∈ κ(π(i)) ⇐⇒ ap ∈ κ(π′(i)).

Induction Hypothesis: For any proper subformula φ′ of φ, (π, i) � φ′ iff
(π′, i) � φ′.

Step:
– φ = φ1 ∧ φ2, φ = φ1 ∨ φ2, φ = ¬φ1

The claim follows directly from the induction hypothesis.
– φ = Eψ or φ = Aψ

The claim follows from the fact that Ext(π, i) = Ext(π′, i). ut

We will also use the following fact:

Proposition 2. Let (p, ξ) ∈ P ×Ξ and (p, ξΩ) ∈ P ×Ξ+. Then (p, ξ) ∈ ADFa
iff (p, ξΩ) ∈ ADFa.

We can now prove our main theorem. For this purpose, we now introduce two
new relations. The relation ⇀g⊆ (P ×Ξ+)× (P ×Ξ+) is the smallest relation
such that

– If (p, γ)→ (p′, γ′) ∈ ∆, then (p, γΩ)⇀g (p
′, γ′Ω).

– If (p, γ)→ (p′, γ′τ) ∈ ∆, then (p, γΩ)⇀g (p
′, γ′(τ, (p, γ))Ω.

– If (p, γ)→ (p′, ε) ∈ ∆, then (p, γ(γ′, (p′′, τ))Ω)⇀g (p
′, γ′Ω).

– If (p, γ)→ (p′, ε) ∈ ∆, then (p, γ#)⇀g (p
′,#).

The relation ⇀a⊆ (P × Ξ+) × (P × Ξ+) is given by (p, γΩ) ⇀a (p′, γ′Ω)
if (p, γ) ↪→a (p′, γ′). These relations lift the relations ↪→g and ↪→a from heads
to configurations with call histories. Both relations behave analogously to their
↪→-variants. The only new rule in ⇀g is the penultimate one which combines
popping a symbol from the stack with the use of rule 1 in just one step. We use
these relations throughout the proof to simplify the description of the steps in
our ABPDS and do not explicitly mention the use of rule 1, but it will always be
clear from the context how the proof could be rewritten using just the regular
relations ↪→g and ↪→a.
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Proof (of Theorem 13).
“⇒”

We use induction on the complexity of the formula φ. Throughout this proof, we
sometimes need other types of inductions. To distinguish between the induction
hypotheses for both inductions, we call the induction hypothesis for the induc-
tion on the formula complexity the global induction hypothesis and the other
induction hypothesis the local induction hypothesis.

Basis:
1. φ = ap, ap ∈ AP

Since (π, i) � φ, ap ∈ κ(π(i)) by definition and therefore, the configu-
ration head of Assoc(π, i, ap) has the form ([p, ap], γ) and ap ∈ λ(p, γ).
Using rule 2, we can loop infinitely in Assoc(π, i, ap). Since [p, ap] ∈ F ,
the run thus obtained is accepting.

2. φ = ¬ap, ap ∈ AP
Similar to the previous case.

Global Induction Hypothesis:
For any π′ ∈ ΠP , any proper subformula φ′ of φ and any index j, (π′, j) � φ′
implies that there is an accepting run from Assoc(π′, j, φ′).

Step:
3. φ = φ1 ∧ φ2

Since (π, i) � φ1 and (π, i) � φ2, the induction hypothesis implies that
there are accepting runs ρ1 and ρ2 fromAssoc(π, i, φ1) andAssoc(π, i, φ2).
Using rule 4, we can build an accepting run ρ with root nodeAssoc(π, i, φ)
and ρ1 and ρ2 as left and right subtrees.

4. φ = φ1 ∨ φ2
The proof is similar to the previous case, using rule 5 instead of rule 4.

5. φ = E©g φ1
Since (π, i) � φ holds, there must be π′ ∈ Ext(π, i) such that (π′, i+1) �
φ1. Naturally, there is r ∈ ∆ with π′(i) r

=⇒P π′(i+1). As a consequence,
Conf(π, i) ⇀g Conf(π

′, i + 1). Furthermore, the induction hypothesis
yields an accepting run ρ from Assoc(π′, i+ 1, φ1). Using rule 6, we can
construct an accepting run ρ′ for Assoc(π, i, φ) by using Assoc(π, i, φ)
as the root node and connecting it with the accepting run ρ.

6. φ = A©g φ1
Similar to the previous case.

7. φ = E φ1 Ug φ2
Since (π, i) � φ holds, there is π′ ∈ Ext(π, i) and j ≥ 0 such that
(π′, i + j) � φ2 and (π′, i + k) � φ1∀0 ≤ k < j. To prove our claim, we
use another induction on j.
Basis:

Let j = 0. Then (π′, i) � φ2 and the global induction hypothesis
yields an accepting run from Assoc(π′, i, φ2). Since Assoc(π′, i, φ2) =
Assoc(π, i, φ2), there is also an accepting run from Assoc(π, i, φ2).
Using rule 8, we directly obtain an accepting run from Assoc(π, i, φ)
as well.
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Local Induction Hypothesis:
For any path π′ ∈ ΠP and any index m, if (π′,m+j′) � φ2 for j′ < j
and (π′, k) � φ1∀m ≤ k < j′, then there is an accepting run from
Assoc(π′,m, φ).

Step:
Let j > 0. By assumption, (π′, i) � φ1 and (π′, i + 1) � E φ1 Ug φ2
holds. In particular, for (π′, i+1), the first index j′ for which (π′, i+
1 + j′) � φ2 holds is j′ = j − 1. The local induction hypothesis thus
implies that there is an accepting run from Assoc(π′, i + 1, φ) and
the global induction hypothesis implies that there is an accepting
run from Assoc(π, i, φ1). Furthermore, Conf(π, i) ⇀g Conf(π

′, i +
1) holds. Rule 9 then shows Assoc(π, i, φ) ⇒BP {Assoc(π, i, φ1),
Assoc(π′, i + 1, φ)}. We can therefore directly use the accepting
runs from both these configurations to obtain an accepting run from
Assoc(π, i, φ).

8. φ = A φ1 Ug φ2
Similar to the previous case.

9. φ = E φ1 Rg φ2
Let π′ ∈ Ext(π, i) such that (π′, i) � φ1 Rg φ2. We need to consider two
cases. In the first case, there is an index j such that (π′, i+ j) � φ1 and
(π′, i + k) � φ2 ∀0 ≤ k ≤ j. In this case, the proof is analogous to the
proof of case 7. In the second case, φ1 is never fulfilled and (π′, i+ k) �
φ2 ∀k. First of all, notice that Conf(π′,m)⇀g Conf(π

′,m+ 1)∀m ≥ i.
From the global induction hypothesis, we know that there are accepting
runs ρm from Assoc(π′,m, φ2). Let us construct an accepting run ρ’
from Assoc(π′, i, φ). The tree ρ′ can be represented by an infinite linear
sequence of nodes nl with the following properties:
(a) The root n0 is Assoc(π′, i, φ).
(b) nl = Assoc(π′, i+ l, φ) and nl has Assoc(π′, i+ l, φ2) and nl+1 as its

children.
(c) Assoc(π′, i + l) is the root node of an accepting run ρl which is

integrated into ρ′.
ρ′ is a valid run because every run ρl is valid by the global induction
hypothesis and the transitions from nl to nl+1 and the root of ρl are valid
due to rule 13. Every path that reaches one of the subtrees ρl is accepting
since these runs are accepting. The only path that does not reach any of
these trees is the path n0n1 . . . . But since every control location [p, φ] is
accepting, this path is also accepting. Thus, all paths of ρ′ are accepting
and ρ′ is an accepting run. The fact that Assoc(π′, i, φ) = Assoc(π, i, φ)
holds then implies our claim.

10. φ = A φ1 Rg φ2
The proof is similar to the previous case.

11. φ = E©a φ1
Let π′ ∈ Ext(π, i) such that (π′, i) �©aφ1. This means succa(π′, i) = k
and (π′, k) � φ1. Accordingly, Conf(π, i) ⇀a Conf(π

′, k) and therefore
Assoc(π, i, φ) ⇒BP {Assoc(π′, k, φ1)} by rule 6. The global induction
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hypothesis yields an accepting run from Assoc(π′, k, φ1) and thus also
from Assoc(π, i, φ).

12. φ = A©a φ1
Let (π, i) � φ. Then succa(π′i) is defined for all possible π′ ∈ Ext(π, i).
This shows Conf(π, i) ∈ ADFa and thus rule 7 is available. In all other
respects, the proof is similar to the previous case.

13. φ = E φ1 Ua φ2
Let (π, i) � φ. Then there is π′ ∈ Ext(π, i) such that (π′, i) � φ1 Ua φ2.
This means there is k ≥ 0 such that (π′, succka(π

′, i)) � φ2 and (π′,
succma (π′, i)) � φ1 ∀0 ≤ m < k. To show our claim, we use another local
induction on k.
Basis:

Let k = 0. We have succ0a(π
′, i) = i and therefore (π′, i) � φ2.

By the global induction hypothesis, there is an accepting run from
Assoc(π′, i, φ2). Using rule 8, we see Assoc(π, i, φ) ⇒BP {Assoc(π,
i, φ2)} and therefore directly obtain an accepting run from Assoc(π,
i, φ) because Assoc(π′, i, φ2) = Assoc(π, i, φ2) holds.

Local Induction Hypothesis
For every π′ ∈ ΠP and every index m, if there is k′ < k such that
(π′, succk

′

a (π′,m)) � φ2 and (π′, succla(π
′,m)) � φ1∀0 ≤ l < k′, then

there is an accepting run from Assoc(π′,m, φ).
Step:

Let k > 0. Then, (π′, i) � φ1 and (π′, succa(π
′, i)) � φ. This implies

there is π′′ ∈ Ext(π′, succa(π′, i)) with (π′′, succk
′

a (π′′, succa(π
′, i)))

� φ2 for k′ = k − 1 and (π′′, succla(π
′′, i)) � φ1∀0 ≤ l < k′. Accord-

ingly, there is an accepting run from Assoc(π′, succa(π′, i), φ) by the
local induction hypothesis. Furthermore, Conf(π, i) ⇀a Conf(π

′,
succa(π

′, i)) and there is an accepting run from Assoc(π, i, φ1) by
the global induction hypothesis. Using rule 8, we see that Assoc(π,
i, φ) ⇒BP {Assoc(π, i, φ1), Assoc(π′, succa(π′, i), φ)} and the ac-
cepting runs from these configurations therefore yield an accepting
run from Assoc(π, i, φ).

14. φ = A φ1 Ua φ2
The proof is similar to the previous case.

15. φ = E φ1Ra φ2
Let (π, i) � φ. Then there is π′ ∈ Ext(π, i) such that (π′, i) � φ1Ra φ2.
There are two cases to consider. In the first case, there is k such that
succka(π

′, i) = j, (π′, j) � φ1 and (π′, succl(π′, i)) � φ2∀0 ≤ l ≤ k.
This case is similar to case 13. In the second case, φ1 is never ful-
filled and (π′, succla(π

′, i)) � φ2 ∀l ≥ 0. By the induction hypothesis,
there are accepting runs ρl from Assoc(π′, succl(π

′, i), φ2). Furthermore,
Conf(π′, succla(π

′, i)) ⇀a Conf(π′, succl+1
a (π′, i)) holds by definition.

We now construct an accepting run ρ′ from Assoc(π, i, φ). This run can
be represented by an infinite linear sequence of nodes nl with the follow-
ing properties:
(a) The root n0 is Assoc(π′, i, φ).
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(b) nl = Assoc(π′, succla(π
′, i), φ) and nl has nl+1 andAssoc(π′, succla(π′,

i), φ2) as children.
(c) Assoc(π′, succla(π′, i), φ2) is the root node of the accepting run ρl

which is integrated into ρ′.
ρ′ is a valid run because all ρl are valid runs by the induction hypothesis
and the transition from nl to nl+1 and the root node of ρl is possible
by rule 13. Paths that reach nodes in any ρl are accepting by definition.
The only other possible path is n0, n1, . . . and control locations in this
path are accepting since [p, φ] ∈ F for any p ∈ P . Accordingly, ρ′ is
an accepting run. The fact that Assoc(π′, i, φ) = Assoc(π, i, φ) holds
implies our claim.

16. φ = A φ1 Ra φ2
The proof is similar to the previous case, using rule 15 instead of rule 13
in the second case.

17. φ = E©a
W φ1

If the abstract successor exists and fulfills φ1, the proof is similar to
case 11. Otherwise, the abstract successor must be undefined in at least
one case and this is the case iff Conf(π, i) /∈ ADFa. Rule 16 then im-
plies Assoc(π, i, φ)⇒BP {true} and there is thus an accepting run from
Assoc(π, i, φ).

18. φ = A©a
W φ1

Let (π, i) � φ. Then for any π′ ∈ Ext(π, i), (π′, i) � ©a
Wφ1 holds.

This means succa(π′, i) is either undefined or (π′, succa(π
′, i)) � φ1. If

succa(π
′, i) is undefined on all extensions, rule 18 yields Assoc(π, i, φ)

⇒BP {true} and there is an accepting run. Let there be at least one
extension on which succa is defined and let π0, . . . , πk ∈ Ext(π, i) such
that the πj cover exactly the heads abstract successors of (π, i) can have.
Then Assoc(π, i, φ) ⇒BP {Assoc(π0, succa(π0, i), φ1), . . . , Assoc(πk,
succa(πk, i), φ1)} by rule 18. By the global induction hypothesis, there
are accepting runs ρj from Assoc(πj , succa(πj , i), φ1) and therefore there
is an accepting run from Assoc(π, i, φ).

19. φ = E φ1 UaW φ2
We consider two cases. In the first case, (π, i) � Eφ1Uaφ2 holds and the
proof is similar to case 13. Otherwise, there is π′ ∈ Ext(π, i) and an index
j > 0 such that succja(π′, i) is undefined and succka(π′, i) � φ1∀k < j. We
use a local induction on j.
Basis:

Let j = 1. Then (π′, i) � φ1 and succa(π′, i) is undefined. As a conse-
quence, Conf(π′, i) /∈ ADFa and therefore rule 19 is available. This
implies Assoc(π, i, φ) →BP {Assoc(π, i, φ1)}. By the global induc-
tion hypothesis, there is an accepting run from Assoc(π, i, φ1) and
therefore also from Assoc(π, i, φ).

Local Induction Hypothesis:
For any π′ ∈ ΠP and any index m, if succj

′

a (π
′,m) is undefined for

j′ < j and (π′, succka(π
′,m)) � φ1∀k < j′, then there is an accepting

run from Assoc(π′,m, φ).
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Step:
Let j > 1. By assumption, (π′, i) � φ1 and there is k such that
succa(π

′, i) = k and (π′, k) � φ. Furthermore, we have Conf(π,
i) ⇀a Conf(π′, k). Using rule 20, we obtain Assoc(π, i, φ) ⇒BP
{Assoc(π, i, φ1), Assoc(π′, k, φ)}. From the global induction hypoth-
esis, we get an accepting run for Assoc(π, i, φ1) and from the local
induction hypothesis, we get an accepting run for Assoc(π′, k, φ).
Thus, there is an accepting run for Assoc(π, i, φ).

20. φ = A φ1 UaW φ2
Similar to the previous case.

21. φ = E φ1 RaW φ2
There are two possible cases. In the first case, (π, i) � Eφ1Raφ2 holds
and the proof is thus similar to case 15. In the second case, there is
π′ ∈ Ext(π, i) and an index j such that succja(π′, i) is undefined and
(π′, succka(π

′, i)) � φ2∀k < j. But then, the proof is the same as in case
19.

22. φ = A φ1 RaW φ2
Similar to the previous case.

23. φ = E©− φ1
Let (π, i) � φ. Then (π, succ−(π, i)) � φ1. Using rules 27 and 29, we
obtain Assoc(π, i, φ)⇒BP {Assoc(π, succ−(π, i), φ1)}. By the global in-
duction hypothesis, there is an accepting run from Assoc(π,succ−(π,
i), φ1). This implies that there is an accepting run from Assoc(π, i, φ) as
well.

24. φ = E©−W φ1
If succ−(π, i) exists, the proof is similar to the previous case. If it does
not exist, Assoc(π, i, φ) has the form ([p, φ], γ#) or ([p, φ],#). In the first
case, Rule 27 can be used to obtain Assoc(π, i, φ) ⇒BP ([pc, φ],#) and
then ([pc, φ],#) ⇒BP true by rule 28. In the second case, we directly
have ([p, φ],#) ⇒BP true by rule 28. Both results directly imply an
accepting run.

25. φ = E φ1 U− φ2
Let (π, i) � φ. Then there must be an index j such that succj−(π, i) = k,
(π, k) � φ2 and (π, succm− (π, i)) � φ1∀0 ≤ m < k. We use a local
induction on j.
Basis:

Let j = 0. Then, using rule 30, we obtain Assoc(π, i, φ) ⇒BP
{Assoc(π, i, φ2)} and there is an accepting run from Assoc(π, i, φ2)
due to the global induction hypothesis.

Local Induction Hypothesis:
If (π, succj

′

−(π, n)) � φ2 for any index n, j′ < j and (π, succm− (π, n)) �
φ1∀m < j′, then there is an accepting run from Assoc(π, i, n).

Step:
Let j ≥ 1. Then (π, i) � φ1 and (π, succ−(π, i)) � φ. Using rule 30,
we need to show that there are accepting runs from Assoc(π, i, φ1)
and from Assoc(π, i, E©− φ). The first claim follows directly from
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the global induction hypothesis. For the second claim, we obtain
Assoc(π, i, E ©− φ) ⇒BP {Assoc(π, succ−(π, i), φ)} using rules 27
and 29. Naturally, for j′ = j − 1, (π, succj

′

−(π, i)) � φ2 and (π,
succm− (π, i)) � φ1∀0 ≤ m < j′. The local induction hypothesis then
implies that there is an accepting run from Assoc(π, succ−(π, i), φ)
and thus from Assoc(π, i, E©− φ) as desired.

26. φ = E φ1 R− φ2
The proof is similar to the previous case. Notice in particular that we
have only finitely many possible iterations until the bottom of the stack
is reached. Therefore, unlike in the other release cases, it is not possible
that φ is fulfilled and φ1 is never reached.

“⇐′′
Again, we use induction on the complexity of the formula φ.

Basis:
1. φ = ap, ap ∈ AP

Let ρ be an accepting run from Assoc(π, i, ap). The only rule that can
be used to construct such a run is rule 2. This implies Assoc(π, i, ap)
has the form ([p, ap], γΩ) and ap ∈ λ(p, γ). But then, π(i) must have
the form (p, γω) and κ(π(i)) = λ(p, γ). Accordingly, ap ∈ κ(π(i)) and
therefore (π, i) � ap.

2. φ = ¬ap, ap ∈ AP
Similar to the previous case.

Global Induction Hypothesis:
For any π′ ∈ ΠP , any index m and any proper subformula φ′ of φ, an
accepting run from Assoc(π′,m, φ′) in BP implies (π′,m) � φ′.

Step:
3. φ = φ1 ∧ φ2

Let ρ be an accepting run from Assoc(π, i, φ). The only available rule for
the root node of ρ is rule 4 and this means there must be accepting runs
from Assoc(π, i, φ1) and Assoc(π, i, φ2). The global induction hypothesis
implies that (π, i) � φ1 and (π, i) � φ2. But this is equivalent to (π, i) �
φ1 ∧ φ2.

4. φ = φ1 ∨ φ2
Similar to the previous case.

5. φ = E©g φ1
For an accepting run ρ from Assoc(π, i, φ), the only possible transition
from the root node is based on rule 6. This means there is one direct
child node c = ([p, φ1], Ω) and Conf(π, i) ⇀g (p,Ω). This implies there
is π′ ∈ Ext(π, i) such that Conf(π′, i + 1) = (p,Ω). The accepting run
from c implies (π′, i + 1) � φ1 by the global induction hypothesis and
thus (π, i) � φ.

6. φ = A©g φ1
Similar to the previous case.
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7. φ = E φ1 Ug φ2
Let ρ be an accepting run from Assoc(π, i, φ). There are two possible
cases. In the first case, ρ has Assoc(π, i, φ2) as a direct child node and
there is an accepting run from Assoc(π, i, φ2). The global induction hy-
pothesis then implies (π, i) � φ2 and therefore also (π, i) � φ. Otherwise,
ρ can be represented by a finite sequence of nodes n0 . . . nm for m ≥ 1
with the following properties:
(a) The root node n0 is Assoc(π, i, φ).
(b) For any l > 0, there is πl such that nl = Assoc(πl, i, φ) and πl ∈

Ext(πl−1, i+ (l − 1)) for nl−1 = Assoc(πl−1, i+ (l − 1), φ).
(c) For any nl with l < m, the children of nl are Assoc(πl.i+ l, φ1) and

nl+1.
(d) For nm, the only child node is Assoc(πm, i+m,φ2).
(e) Assoc(πl, i + l, φ1) and Assoc(πm, i + m,φ2) are the root nodes of

accepting runs integrated in ρ.
Property b) follows from the fact that the connections between the nodes
must be based on rule 9. There are accepting runs from Assoc(πl, i +
l, φ1) ∀l < m and from Assoc(πm, i +m,φ2) and the global induction
hypothesis thus implies (πl, i+ l) � φ1 ∀0 ≤ l < m and (πm, i+m) � φ2.
Furthermore, notice that πm ∈ Ext(πl, i + l) ∀0 ≤ l < m and therefore
(πm, i + l) � φ1 ∀0 ≤ l < m by Proposition 1. This shows (πm, i) �
φ1 Ug φ2 and since πm ∈ Ext(π, i), we obtain (π, i) � φ.

8. φ = A φ1 Ug φ2
Similar to the previous case.

9. φ = E φ1 Rg φ2
Let ρ be an accepting run from Assoc(π, i, φ). There are two cases.
In the first case, ρ eventually reaches ([p′′, φ1 ∧ φ2], Ω′′) as a child of
Assoc(π′′, i+ k, φ) for some π′′ ∈ Ext(π, i) and some k. Then, the proof
is similar to case 7. In the second case, ρ can be represented by an infinite
linear sequence of nodes nl with the following properties:
(a) The root node n0 is Assoc(π, i, φ).
(b) For any l > 0, there is πl such that nl = Assoc(πl, i, φ) and πl ∈

Ext(πl−1, i+ (l − 1)) for nl−1 = Assoc(πl−1, i+ (l − 1), φ).
(c) For nl = Assoc(πl, i+ l, φ), the children are Assoc(πl, i+ l, φ2) and

nl+1.
(d) The nodes Assoc(πl, i+ l, φ2) are root nodes of accepting runs inte-

grated in ρ.
Since there are accepting runs from Assoc(πl, i+ l, φ2), the global induc-
tion hypothesis shows that (πl, i + l) � φ2 ∀l. We use this fact to con-
struct an appropriate π′ ∈ Ext(π, i). For this purpose, we let π′(i+ l) =
πl(i + l) ∀l. By construction, (π′, i + l) ∈ Ext(πl, i + l), and therefore
Proposition 1 shows that (π′, i+ l) � φ2 ∀l. Thus, (π′, i) � φ1 Rg φ2 and
this directly implies (π, i) � φ.

10. φ = A φ1 Rg φ2
The proof is similar to the previous case.
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11. φ = E©a φ1
Let ρ be an accepting run from Assoc(π, i, φ). Since only rule 6 is avail-
able for this configuration, the direct child node must be of the form
([p, φ1], Ω) and Conf(π, i) ⇀a (p,Ω). This implies that there is π′ ∈
Ext(π, i) such that Conf(π′, succa(π′, i)) = (p,Ω). Therefore, ([p, φ1],
Ω) = Assoc(π′, i + 1, φ1) and since there is an accepting run from this
configuration, (π′, i + 1) � φ1 holds by the global induction hypothesis.
Accordingly, (π, i) � φ also holds.

12. φ = A©a φ1
Let ρ be an accepting run from Assoc(π, i, φ). Since rule 7 is the only
applicable rule, this shows Conf(π, i) ∈ ADFa and therefore succa(π′, i)
is defined for all π′ ∈ Ext(π, i). The rest of the proof is similar to the
previous case.

13. φ = E φ1 Ua φ2
Let ρ be an accepting run from Assoc(π, i, φ). There are two possible
cases. In the first case, ρ has Assoc(π, i, φ2) as a direct child node and
there is an accepting run from Assoc(π, i, φ2). The global induction hy-
pothesis then implies (π, i) � φ2 and therefore also (π, i) � φ. Otherwise,
ρ can be represented by a finite sequence of nodes n0 . . . nm for m ≥ 1
with the following properties:
(a) The root node n0 is Assoc(π, i, φ).
(b) For any l > 0, there is πl such that nl = Assoc(πl, succ

l
a(πl, i), φ) and

πl ∈ Ext(πl−1, succl−1a (πl−1, i)) for nl−1 =Assoc(πl−1, succl−1a (πl−1,
i), φ).

(c) For any nl with l < m, the children of nl areAssoc(πl, succla(πl, i), φ1)
and nl+1.

(d) For nm, the only child node is Assoc(πm, succma (πm, i), φ2).
(e) Assoc(πl, succla(πl, i), φ2) and Assoc(πm, succ

m
a (πm, i), φ2) are the

root nodes of accepting runs integrated in ρ.
Let jl = succla(πl, i). Since there are accepting runs from Assoc(πl, jl,
φ2) ∀0 ≤ l < m and from Assoc(πm, jm, φ2), the global induction hy-
pothesis shows that (πl, jl) � φ1 ∀0 ≤ l < m and (πm, jm) � φ2. Fur-
thermore, πm ∈ Ext(πl, jl) ∀0 ≤ l < m. Proposition 1 then implies
(πm, jl) � φ1 ∀0 ≤ l < m and therefore (πm, i) � φ1 Ua φ2. Since
πm ∈ Ext(π, i), this proves (π, i) � φ.

14. φ = A φ1 Ua φ2
The proof is similar to the previous case.

15. φ = E φ1 Ra φ2
Let ρ be an accepting run from Assoc(π, i, φ). We distinguish two cases.
In the first case, a node ([p, φ1 ∧ φ2], Ω′′) is eventually reached in ρ as
a child of Assoc(π′′, i + k, φ) for some π′′ ∈ Ext(π, i) and some k. The
proof is then similar to case 13. In the second case, φ1 is never reached
and ρ can be represented by an infinite linear sequence of nodes nl with
the following properties:
(a) The root node n0 is Assoc(π, i, φ).
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(b) For any l > 0, there is πl such that nl = Assoc(πl, succ
l
a(πl, i), φ) and

πl ∈ Ext(πl−1, succl−1a (πl−1, i)) for nl−1 = Assoc(πl−1, succl−1a (πl−1,
i), φ).

(c) For nl =Assoc(πl, succ
l
a(πl, i), φ), the children areAssoc(πl, succla(πl,

i), φ2) and nl+1.
(d) The nodes Assoc(πl, succla(πl, i), φ2) are root nodes of accepting runs

integrated in ρ.
Let jl = succla(πl, i). Using the global induction hypothesis, we ob-
tain (πl, jl) � φ2 ∀l ≥ 0. Treating each πl as a function πl : N →
P × Γ+ represented by its function graph, we can define πl[0, k] =
{(0, πl(0)), . . . , (k, πl(k))} to be the prefix of πl up to index k. We
then set π′ =

⋃
πl[0, jl]. π′ thus is equal to πl up to index jl for ev-

ery l and this means π′ ∈ Ext(πl, jl) ∀l. Proposition 1 then shows
(π′, jl) � φ2 ∀l and this is equivalent to (π′, succla(π

′, i)) � φ2 ∀l. There-
fore, (π′, i) � φ1 Ra φ2 and thus (π, i) � φ.

16. φ = A φ1 Ra φ2
The proof is similar to the previous case.

17. φ = E©a
W φ1

Let ρ be an accepting run from Assoc(π, i, φ). There are two cases to con-
sider. In the first case, the only child node of ρ0 has the form ([p, φ1], Ω)
and then the proof is similar to case 11. In the second case, the only
child node is true and therefore rule 16 must have been used to derive
it. Then Conf(π, i) /∈ ADFa and therefore there is π′ ∈ Ext(π, i) such
that succa(π′, i) is undefined. This shows (π, i) � φ.

18. φ = A©a
W φ1

Similar to the previous case.
19. φ = E φ1 UaW φ2

Let ρ be an accepting run from Assoc(π, i, φ). There are two possible
cases. In the first case, a node ([p, φ2], Ω′′) is eventually reached in ρ as a
child node of Assoc(π′′, i+k, φ) for π′′ ∈ Ext(π, i) and some k. The proof
is then similar to case 13. Otherwise, ρ can be represented by a finite
sequence of nodes n0 . . . nm for m ≥ 1 with the following properties:
(a) The root node n0 is Assoc(π, i, φ).
(b) For any l > 0, there is πl such that nl = Assoc(πl, succ

l
a(πl, i), φ) and

πl ∈ Ext(πl−1, succl−1a (πl−1, i)) for nl−1 =Assoc(πl−1, succl−1a (πl−1,
i), φ).

(c) For any nl with l < m, the children of nl areAssoc(πl, succla(πl, i), φ1)
and nl+1.

(d) For nm, the children are true and Assoc(πm, succma (πm, i), φ1).
(e) Assoc(πl, succla(πl, i), φ1) is the root node of an accepting run inte-

grated into ρ.
Let jl = succla(πl, i). Since there are accepting runs fromAssoc(πl, jl, φ1)
∀0 ≤ l ≤ m, the induction hypothesis implies (πl, jl) � φ1 ∀0 ≤ l ≤ m.
Furthermore, since true is a child of nl and the only possible rule for this
connection is rule 19, we obtain Conf(πm, jm) /∈ ADFa. Accordingly,
there is πm+1 ∈ Ext(πm, jm) such that succa(πm+1, jm) is undefined.
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Naturally, πm+1 ∈ Ext(πl, jl) ∀l ≤ m and therefore (πm+1, jl) � φ1 ∀l ≤
m by Proposition 1. This shows (πm+1, i) � φ1 UaW φ2. Furthermore,
πm+1 ∈ Ext(π, i) and therefore (π, i) � φ.

20. φ = A φ1 UaW φ2
Similar to the previous case.

21. φ = E φ1 RaW φ2
Let ρ be an accepting run from Assoc(π, i, φ). There are two possible
cases. In the first case, the accepting run either reaches a node with
control location [p′, φ1 ∧ φ2] as a child of a node with control location
[p, φ] or control locations [p, φ] are reached infinitely often. The proof is
then similar to case 15. In the second case, a node ([p, φ2], Ω′′) is reached
as a child of Assoc(π′′, i + k, φ) for some π′′ ∈ Ext(π, i) and the node
was derived using rule 23. But then, the proof is similar to case 19.

22. φ = A φ1 RaW φ2
Similar to the previous case.

23. φ = E©− φ1
Let ρ be an accepting run from Assoc(π, i, φ). ρ has the following struc-
ture:
(a) The root node n0 is Assoc(π, i, φ) = ([p, φ], γ(γ′, (p′, τ))Ω).
(b) The only child node of n0 is n1 = ([pc, φ], (γ

′, (p′, τ))Ω).
(c) The only child node of n1 is n2 = ([p′, φ1], τΩ) and further ([p′, φ1], τΩ) =

Assoc(π, succ−(π, i), φ1) holds.
This structure follows from the fact that only rule 27 is available for
Assoc(π, i, φ) and only rule 29 is available for n1. Since there is an accept-
ing run from n2, the induction hypothesis implies (π, succ−(π, i)) � φ1
and therefore (π, i) � φ.

24. φ = E©−W φ1
Let ρ be an accepting run from Assoc(π, i, φ) = ([p, φ], γΩ). If ρ contains
true as an immediate child of Assoc(π, i, φ), then γ = # andΩ = ε which
implies π(i) = (p,#) (otherwise rule 28 is not available) and the claim
holds. Otherwise, only rule 27 is available and ρ has ([pc, φ], ξΩ′) as the
only child of Assoc(π, i, φ). In the first case, ξ = # and Ω′ = ε and
therefore the only child node of ([pc, φ], ξ) is true. This implies the caller
is undefined and the claim holds. In the second case, ξ = (γ′, (p′, τ)), the
only child of ([pc, φ], ξΩ′) is ([p′, φ1], τΩ′) and there is an accepting rum
from this node. This case is similar to 23.

25. φ = E φ1 U− φ2
Let ρ be an accepting run from Assoc(π, i, φ) = ([p, φ], Ω). We use a
local induction on |Ω|.
Basis:

The case |Ω| = 0 is impossible, so consider |Ω| = 1. Then Ω = #.
Rule 30 is the only applicable rule, implying there is only one child
node n1 = Assoc(π, i, φ2) of n0 and there is an accepting run from
n1. The global induction hypothesis implies (π, i) � φ2 and therefore
(π, i) � φ.
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Local Induction Hypothesis:
For any j, if there is an accepting run fromAssoc(π, j, φ) = ([p, φ], Ω′)
and |Ω′| < |Ω|, then (π, j) � φ.

Step:
Let |Ω| > 1. If Assoc(π, i, φ) has a child node ([p, φ2], Ω), the claim
again follows directly from the global induction hypothesis. Let us
therefore assume that the children are ([p, φ1], Ω) and ([p, E ©−
(φ1 U− φ2)], Ω), which is the only other possibility due to rule
30. From both children, there are accepting runs ρ1 and ρ2 and the
global induction hypothesis directly implies (π, i) � φ1. Consider now
the accepting run ρ2. Just as in case 23, only rules 27 and 29 can
have been applied consecutively to obtain ρ2. Therefore, ρ2 has the
following structure:
(a) The root node n0 is Assoc(π, i, E ©− φ) = ([p, E ©− φ], γ(γ′,

(p′, γ′′))Ω′).
(b) The only child node of n0 is n1 = ([pc, E©− φ], (γ′, (p′, γ′′))Ω′).
(c) The only child node of n1 is n2 = ([p′, φ], γ′′Ω′) and further

([p′, φ], γ′′Ω′) = Assoc(π, succ−(π, i), φ) holds.
Let Ω′′ = γ′′Ω′. Naturally, |Ω′′| < |Ω| and therefore the local induc-
tion hypothesis shows (π, succ−(π, i)) � φ. Combining both results,
we obtain (π, i) � φ.

26. φ = E φ1 R− φ2
Similar to the previous case. In particular, notice again that the accepting
run ρ cannot be constructed by visiting control locations [p, φ] infinitely
often because they are not accepting. ut
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