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APPENDIX D 

A TRANSITION TABLE MODEL FOR THE ANALYSIS OF 

COORDINATION STRUCTURES 

D.1. INTRODUCTION 

In this appendix we will consider a formal model for the analysis of coordina-
tion structures. The model is based on the transition table models used in cir-
cuit design theories (see, for instance, Rartmanis & Stearns '66). 
A full motivation and elaboration of the ideas presented here would be out of 
place. We must restrict ourselves to a brief outline. 
First we will give an informal description of the main aspects of the model. 
We then present an overview of the formal model, and discuss its application to 
some programs encountered earlier in this study. We will conclude with a dis-
cussion of comparable models which have been treated earlier in the literature 
on multiprocessing systems. 

Informal description 
We model the behavior of a system of concurrent processes, in so far as it is 
considered relevant to the enforcement of the coordination rules, in a set of 
transition tables. Each table represents the behavior of one specific process. 
The tables have rows and columns. The rows represent control states, and the 
columns represent input states. The state of the system is expressed and ab-
stracted in a finite set of state variables. For each specific state of these 
variables we include one column in each table. The input states of all tables 
should always be consistent. We also define, for each combination of a control 
state and an input state per table, an output state. The output state specifies 
values for a subset of the state variables, which is called the output set of 
a table. In all stable table states this output state must be consistent with 
the corresponding input state. In a stable table state we can define a row 
transition. The row transition can bring a table from one control state to an-
other. Usually, such a row transition will also change the output state of'a 
table. Observe, however, that the result may be that the table enters an un-
stable table state. In such a state we can use a column transition to bring the 
table back to a (new) stable state, i.e. a state in which the values of the 
state variables in the input and the output sets are consistent. A single row 
transition in one table of a coordinated system can thus cause column transi-
tions in all tables. These column transitions, in fact, model the updating of 
the state variables after state changes caused by one of the tables. A complete 
state transition then consists of (at most) two phases: 

(1) a row transition in one table, and, if the resulting state is unstable, 
(2) a column transition in all tables. 

To avoid ambiguities we require that all complete transitions be mutually ex-
clusive.As we shall see below, this restriction does not limit the modelling 
power, but does greatly simplify the modelling itself. 

We distinguish between blocked states and free states in the tables. A state 
(a combination of an input state and a control state) is blocked if it cannot 
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be brought to another control state via a direct row transition. A state is 
free in the other cases. Observe, that the blocked states can model delay-con-
ditions in programs. 
For each stable table state we specify a row transition. In blocked stable 
states this row transition merely specifies the same control state as the cur-
rent one. For each unstable state we specify a column transition, and/or an 
output state (the latter specifies the value of the column transition implicit-
ly). With a careful choice of the set of state variables it should be a 
straightforward task to construct the transition tables for a given system. 
It is similarly straightforward to construct the corresponding system state 
diagram from the tables. The latter diagram can then be analyzed on such items 
as reachability of desirable system states, correct exclusions, no deadlocks, 
no starvations, in short: the observance of the coordination rules. The only 
problem can be that the number of system states to be considered becomes too 
large. To solve that problem we use reduction techniques borrowed from circuit 
design theories. We can thus reduce the size of the diagrams to a reasonable 
size, while preserving all the relevant information for the analysis. 
The reductions can be obtained by (1) restricting the set of state variables, 
and/or (2) applying several notions of state equivalence to combine system 
states. Below we will elaborate a formal model in which we can express these 
notions more precisely. 

D.2. THE FORMAL MODEL 

A coordinated system is a tuple (T,J), where: 

T is a finite, non-empty, ordered set of section tables, and 
J is a finite, non-empty, ordered set of State variables. 

We will indicate the complete set of value-vectors for the variables in J with 
the symbol J 1 . 	 (abbr. nr . 1) 

Example: 

J = {a,b,c}, 

where a, b, and c are binary variables. Then: 

J = {{0,0,0}, {0,0,1}, 	{1,1,1}}. 

A section table is a tuple (Q,U,X,y,(5), where: 

Q is a finite, non-empty, ordered set of control states; 
U is a non-empty, ordered subset of J (with the same ordering); 
A is a projection of Q X J in Q named the row transition relation; 
y is a projection of Q X J in J named the column transition relation; 
d is a projection of Q X J in U named the output relation. 

A table is said to be blocked in state (q,i), where: 

q e Q and i e J 

if: 	 = q. 	 (abbr. nr . 2) 

In all other cases the table is said to be free or executable in that state. 
A system is said to be blocked in state (q,i), where: 

(1) We have used an abbreviated notation here. The meaning of each abbreviation 
is specified in a list at the end of this appendix. For each new abbrevia-
tion we will refer to this list by means of a number. 
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q = (q1,q2,...,qn) with n = ITI, i e J, and q e Q = (Q1 X Q2 X ... X Qn ) 

if: 	(Vj) (1 < j <n -+ X.(q.,i) =q .). 
J 	3 

In all other cases the system is said to be free or executable in that state r . 

A table is said to be stable in state (q,i), if: 

orj)(1<j<kfl -4..6(q,i) 	
N(.U,J)i 	

(abbr. nrs. 4,6,7) 
) *  

In all other cases the table is said to be unstable in that state. 
A system is said to be in a stable state if all its tables are in a stable 
state, and it is said to be in an unstable state in all other cases. 

Requirements 
(1) Unstable table states must be blocked: 

(Vj) 111 4, j 5 101 n .6(q,i) 
# N(U,J) i 	

X(q,i) = q]. 

(2) For every unstable table state the corresponding column transition relation 
must specify a stable table state with the same control state and the same 
output state: 

(yq ,i) [geQflieJn(g,i) is unstable -+ 

(:1,y(g,i)) is stable n 6(g,y(g,i)) = (5(g,i)) 	(abbr. nr . 3) 

The construction of a system diagram 
(1) Select a stable system state (the initial state of the system diagram) 

(q,i). 

Define two ordered sets: 

0 named the set of reachable states, and 
4) named the set of successor states. 

Both sets are initially empty. The successor states of the j-th state in 
0 will be listed in random order in the j-th subset of 4). 

(2) 0 +:= (q,i) (a right-addition of one element to ordered set 0), 

(1":=.(s . :1  < j < ITI 

n (s. = (q[q j  := 	 n 	* gi  n(Xj(qi ,i),i) is stable) 

(abbr. nr . 8) 

s j  = (q[qj  ;= A i (gi ,i)] 	, ifUj  := d i (X j (caii ),i)]) n (X.(q.,i) , i) 

is unstable)} 	
(abbr. nr. 9) 

(3) Select an arbitrary state (q 1 ,i') from an arbitrary non-empty subset of 4), 
but only one which is not yet included in set 0: 

(q',i') 	0. 

(1) The subscript j refers here to the j-th table in the coordinated system 
considered. 
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Make: 	 (q,i) := (q . ,V) 
and return to step 2, unless no such (q',i') exists. 
(Observe, that this procedure will always terminate within a finite number 
of steps.) 

Equivalences 
In order to be able to reduce a coordinated system, and the corresponding sys-
tem diagram, we must define a notion of state- and system-equivalence. 
We define equivalence in terms of reduced sets of state variables. 
Define a reduced input set J as an ordered subset of J. 
The equivalence properties for states are related only to those states which 
are listed in set 0(i.e. to reachable and stable system states). 

(1) State a in coordinated system A is said to be 1-equivalent to state b in 
system B, with respect to reduced input sets JA and JB, if: 

JA(a) = JB(b). 	
(abbr. nr . 10) 

This is briefly indicated as: 

(a,b) e E 
(JA,e). 

(2) State a is said to be k-equivalent to state b, for k > 1, i.e. (a,b) e 
E
k
(JA,JB), if: 

1. JA (a) = JB (b), and 

2. (ye,p) (e e (e(a)) P  n JA  (e)A JA (a) n 	 (abbr. nrs. 11,12) 

(Ve',p') (e' e (e(e')) 13'  n 1 < p' < p 	JA (e') = JA (a)) n 

	

(gf,q) (f e (e (b)) q n jB (f) 	jB (b) n 	 (abbr. nr . 13) 

(vf,,q,) (f' e (e (f , )) (4' n 1  < q , < q 	jB (f , )  = jB (b))  

(e,f) e E
k-1 (JA  ,J13 ))) , and 

3. (Yf,q) 
(f e (4)13 (30)) q n jB (f) 	JB (b)  n  

(ff , ,q , ) (f , e ( $13 (f , )) q' n 1  < q , < q 	j/3 (f , )  = j13 (10)) n  

	

(ge,P) (e e (0A
(a) )

p n ,724 (e) 	JA (a) n  

(Ve l ,p 1 ) (e' E (e(e')) P'  n 1 < p' < p 	JA (e') = JA (a)) -> 

(e,f) e E
k-1

(jA ,jA))) 

Less formally, this means that two states are said to be k-equivalent if they 
have the same reduced input state, and if for the first successors of either 
state with a different input we can find a (k - 1)-equivalent state in the set 
of successors of the other state, among the first new states which have a dif-
ferent input. (In practice the observance of this property is trivially veri-
fied, unlike what one would be tempted to conclude from the complexity of the 
above sentence.) 

The coordinated systems are said to be equivalent, with respect to some reduc-
tion sets, if we can find for each state in the one system a k-equivalent state 
in the other system for all k 1, and vice versa. 
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Reductions: the construction of a minimal system 
Consider two equivalent systems; call them A and B. 
Consider two states from A which are equivalent to the same state in B; call 
them a l  and a2. We say that al is in relation E' to a 2 , or briefly: 
(a1,a2) e E'. (For brevity we delete the specification of the reduced input 
sets here.) Observe, that relation E' has all the properties of an equivalence 
relation on the set of states in system A: (Q X J) (symmetry, reflexiveness, 
transitivity). The relation E' therefore defines a partitioning of this set of 
states in A. Call this partitioning n. 
By combining the equivalent states in system A we can construct a minimal sys-
tem A'. To find A' we can use 7. Each block in the partitioning 7 corresponds 
to one specific state in A'. 

The problem of constructing a minimal system has now been reduced to the prob-
lem of finding the partitioning 7. We can do this in steps. First we define a 
relation E' which formalizes k-equivalence of states: (a 1 ,a2 ) e Ek implies that 
al and a2 are k-equivalent to the same state in some system B. Observe, that 
Ek is also an equivalence relation, and thus also defines a partitioning, which 
we shall call 7k . 

It is readily seen that (a 1 ,a2 ) e Ek implies (a 1 ,a2 ) e Ek_1, for all k > 1. 
It follows directly that partitioning 7k must be a refinement of partitioning 
7k_1• As the set of states in each coordinated system is by definition finite 
this also implies that there is always a finite integer k for which 7k = 7k-1• 
The desired partitioning 7 can now be found with the aid of the following 
theorem: 

(yk) [k > 1 n Ir
k 

= 7
k-1 

-> 	= Tr
k
i 

• 

Proof 
It is first proved that the following property holds: 

(HI()k > 1 n   
[ 	

Trk 	
Irk-1 	

(V 	 n 	
h 

h) (h > 0 	Trk+. = 
7k-1) 

The proof is by induction on h. 

(1) The property holds for h = 0. 

(2) Assume, that the property holds up to some value m > 0. This implies: 

7 
k+h = 

7k-1 or (Val,a2) 	 k 

	

(al,a2) e E' 	(a1,a2) 	 k +h 
44  (ala2) 6 E'

-1 
 for 0 < h < m. 

It follows that: 

(ye) le E 0(al) -+ (gf) (f 6  O(a2) n (e,f) 6 El'ci_h_ 1 )], 

and that 

(yf) (f e 4) (a2) 	(3e) (e e (1)(a1) n (e,f) e 

again for 0 6 h < m. 
It follows from the assumption that: 

=  Tr
k+h-1 	

7 
k+h

, 

for 0 h < m, and therefore: 
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(e,f) e E' 	(e,f) e E' 	, 

	

k+h-1 	 k+h 

which in turn implies that: 

(a1,a2) e 

(according to the definitions of state equivalence). 
If the property then holds up to some value m > 0 it will also hold up to 
the value h = m + 1, and so on. 

This completes the proof of the property stated above. 
With the aid of this property it is easy to prove the theorem. 
By definition: 

(al,a2) e E' 	(a 1 ,a 2 ) e E3'(. , for all k -›- 1. 

Above we have shown that there is always a finite value of k for which: 

(a1,a2) e E I1(  H (a1,a2) e E;c441 , for all h > 0. 

We can further readily see that: 

(al,a2) e E;c. 	(a1,a2) e 	for all 0 5 h < k-1, 

which completes the proof of the theorem. 

The minimal system can now be derived quite rapidly with the aid of the so-
called triangle method. Each possible combination of two attainable states in 
the coordinated system is represented in a triangle. In a first scan of that 
triangle we place a cross on all combinations which are not in 11- 1. 
In a second scan we consider the remaining places, and we place a cross on all 
combinations not in Tr2. This is repeated until no new crosses can be added in 
one scan of the still open places in the triangle. The open places in that 
final triangle represent all combinations in partitioning 7. 

al 	a2 	a 3 	
a n 

al 

D.3. APPLICATION 

Now that we have the formalism over with, we can study the application of the 
transition table model. First we consider a simple exclusion problem, for pro-
grams with the following structure: 

a2  

a3 

a
n 
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repeat A: down A; 
criticaZ program part; 
up A; 
non-critical program part 

forever 

'A' is assumed to be a binary d-semaphore variable, initialized to 1. 
We first notice that the value of semaphore variable A cannot be used to ab-
stract the state of the system completely. The value A = 0 merely says that 
some process is in its critical section, but it is not known which process this 
concerns. 
To make the modelling possible we must introduce a set of additional (boolean) 
state variables al, ..., an , where 'n' is the number of processes, and state 
variable ai models a sort of progress mark (control-flow point) for the i-th 
process: 

ai = true means that process i is presently not in its critical part; 
ai = false means that process i is in its critical program part. 

A concise table results if we make the relations A, y, and 6 of each table only 
dependent on the 'a' values of the other tables (processes). To this purpose 
we define a state variable Ai for table i, as follows: 

Ai  = A a., 
3  

where A denotes a logical AND-combination of boolean values. 
With these simplifications we can represent the table for process i as follows: 

Ai  T 	F 

a 	 T 

F 

J 

Q A 

U 

The chosen table lay-out is also shown above. The following points should be 
noted: 

(1) Instead of the full set J, which would contain all state variables a l , ..., 
an , we have used the concise state variable Ai, with potentially'a different 
value in two different tables. This simplification allows us to construct 
a table which is independent from the precise number of processes involved 
in the coordination (i.e. independent from the value of 'n'). 
As a result of this choice of the variable Ai there are no unstable states 
in the table presented above. 

(2) The value of the row transition relation is circled in the table if the 
corresponding state is blocked (see state (a,F)). 

(3) In the above table the output states are independent from the input states 
of the table. The output states can therefore be specified per control 
state (row). A full table, which would contain some redundant information, 
would look as follows: 
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a 

J J T 	F 

13 

F 	- 
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T 	T 
Q A 

ai  J 

(4) Unattainable states are indicated by a dash. Observe, that there are only 
three attainable table states: 

1. state (a,T), which models a state in which the process considered is 
not in its critical program part, and no other process is, 

2. state (a,F), which models a state in which the process considered is 
prevented from entering its critical program part, and 

3. state (f3,T), which models the state in which process i is in its 
critical program part and prevents others from entering theirs. 

As a slightly more comprehensive example, let us consider the table for a set 
of programs with the following structure: 

repeat A: down A; 
A: down A; 

critical program part; 
up A; 
up A; 
non-critical program part 

forever 

'A' is assumed to be a general d-semaphore variable, with initial value 2. 
Again we will use a set of additional variables a l , ..., a,. This time each a i 

 is an integer variable with values on the interval (0, 1, 2). The interpreta-
tion of these values is as follows: 

ai 

ai 

ai 

= 

= 

= 

0, 

1, 

2, 

means that process i is presently not in its critical program 
part, and has not decremented 'A' more often thail it has in-
cremented it, 
means that process i is presently not in its critical program 
part, but has decremented 'A' once more than it has incremented 
it, 
means that process i is in its critical program part. 

State variable A. is now defined as follows: 

Ai  = 0 iff (if-and-only-if) 

(3 j) (1 5j<nnj*i-4 a. = 0); 

= 1 iff 

(1'j)(1<j‹rinj*i -0- .5...›, 1) n 

0j)(1<j‹.. ri nj#J.-> a. .1) ;  
3 

= 2 iff 
1 

(VD (1 <j<nnj*i-> a. = 2). 
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The resulting table, for the i-th process, is as follows: 

A. 2 1 0 

a 

6 

IS 

ip 

a 

IS 

0 - 
0 

1 

2 

1 

ai  

Notice the danger of a deadlock in state (13,1): 
The use of the system diagram and the reduction procedures will be elucidated 
with the aid of a third example, which is still more comprehensive. 
We consider the earlier derived programs for the third readers/writers' prob-
lem. 

Readers: 	 Writers: 
repeat 	 repeat 

down WR; 	 down WW; 

	

(WW U P) n AW: down AR up WR; 	(WR U P) n AR n AW: down AW up WW; 
critical reading; 	 critical writing; 
set (P,1); 	 set (P,0); 
up AR; 	 up AW; 

forever 	 forever 

To be able to construct a concise set of tables we define the additional 
binaryvariables:wri ,ari ,ww.,andaw.

3
,with: 

1 < i < r (r is the number of reader processes), 
1 < j < w (w is the number of writer processes), and 
1 < k < r+ w. 

The interpretation is as follows: 

wri = 0, means that reader-process i has decremented semaphore 
variable WR more often than it has incremented it, 

wri  = 1, means that reader-process i has decremented semaphore 
variable WR as often as it has decremented it, 

and similarly for ar
i
, ww

j
, and aw

j
. 

We now define the state variables: WW, AW, WR, P, and A.: 

WW = 1 iff (yj) (1 <j<w -+ ww. = 1) 

WW = 0 otherwise, 

and similarly for AW and WR. 

P merely represents the value of the semaphore variable P. 

	

A. = 1 iff (Vi) (1 < i < r 	ari  = 1) n 
J

(00 (1 <k<wilj*k -> awk  = 1) 

A, = 0 otherwise. 
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To reduce the size of the tables we have combined equal columns, and have indi-
cated by a dash, those state variables in the input set whose precise value is 
irrelevant. 

Readers' 

WW AW P 

table (1 < i < r) 

-10 	111 	-01/011 -00 

a (3 (3 110 111 

Ili IP 	0 0 010 011 

1) 6 100 101 

0 a 	a 101 101 

--0 --1 wr. ar. 	P 

Writers' table (1 < j ' w) 

1 1 

WR A. P -11 110 	-00/010 -01 
J 

a R R 	R R 110 111 

IV ti) 	0 0 010 011 

1.1)  E c 	a 100 101 

0 a 	a 100 100 

--1 ww. aw. P 
3 

The construction of the system diagram 
We will indicate table states with place numbers, for brevity. The state in the 
i-th control state (row) with the j-th input state (column) is assigned the 
place number: 

(R.(j - 1) + i), 

where R is the number of control states (rows) in set Q: R = IQI• 

Example: 
In the readers' table we have: 

• place number ((u,-10)) = 1, and 
• place number ((,-00)) = 14. 

With the aid of the generating procedure discussed earlier we can construct 
the sets 0 and O. In a manual analysis this is only practical for small numbers 
of readers and writers. (We discuss a method to circumvent this problem below.) 
For one reader and one writer we arrive at the following results: 
Each element in set 0, and each element in each subset of is specified by a 
pair of place numbers. The first number in the pair refers to the readers' 
table; the second number refers to the writers' table. The initial state is 
(1,5) 

= {(1,5), (2,9), (3,9), (8,13), (5,1), (9,2), (9,3), (13,8), (1,6), 
(13,7), (6,1), (7,13), (2,10), (10,2), (3,10), (10,3), (12,14), 
(14,12), (14,11), (11,14)}. 

There are 20 reachable states. Again for brevity we will specify these states 
below by refering to their order number in set 0, as given above. 
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State 8 thus means state (13,8), which means: ((a,-00), (6,110)). (In this 
specific state the writer is about to leave its critical section.) 
Set (I) will be specified with the abbreviated state numbers: 

= 	{{2,9}, 	{3,13}, {4,15}, {5,17}, {6,11},{7,14}, {8,16 }, 	{1,18}, 
{10,13}, 	{8,19 }, 	{12,14 }, 	{4,20 }, 	{15}, 	{16}, {17}, {18}, 
{6}, 	{2}, 	{2 }, 	{01. 

More conveniently still we can list the contents of these two sets in a table; 
specifying for each reachable state the corresponding immediate successors: 

1 -> 	2,9 	 11 -> 12,14 	 4 
2 -* 	3,13 	 12 -> 	4,20 
3 -* 	4,15 	 13 -* 15 
4-> 	5,17z, 	 14 -> 16 
5 -> 6,11 15-> 17 
6 -> 7,14 16 -> 18 
7 -> 8,16 17 -> 6 
8 -> 1,18 18 -> 2 
9 -* 10,13 19 -* 18 

10 -> 8,19 20 -> 17 

The complete system diagram is given in figure D.1. It contains 20 states and 
32 transition links. Note the duality between respectively states: 

4 
(1,2,3,13,15,9,10,8,18,19), and 
(5,6,7,14,16,11,12,4,17,20). 

The first subset relates to reader preference (P = 0); the second subset re-
lates to writer preference (P = 1). 

Reducing the system with respect to an input set which contains only the state 
variables AR and AW we arrive at a diagram of 12 states and 20 transition 
links, as shown in figure D.2. 
Observe, that the system diagram thus reduced differs fundamentally from the 
diagram which results if one just combines all system states with an equivalent 
reduced input state, as shown in figure D.3. The latter diagram contains less 
information, and it does contain spurious paths which may frustrate a correct-
ness analysis'. Note, for instance, that the latter diagram cannot be used to 
verify whether starvation or deadlock is possible. It can only be used to es-
tablish the mutual exclusion property. The diagram derived with the reduction 

. procedure described in this appendix does, however, contain all the relevant 
information. 
Reducing the system diagram with respect to an input set which contains also 
WR and WW yields the same result as in figure D.2. Reducing the diagram with 
respect to an input set which contains only state variable P would yield a 
trivial diagram of two states (one for P = 0 and one for P = 1) and two tran-
sition links. 

For larger numbers of readers and/or writers the size of even the reduced sys-
tem diagram will be unmanageably large if we do not apply still other notions 
of state equivalence. For instance, we need not distinguish between readers 
as such and writers as such; we only want to distinguish between reader-actions 
and writer-actions. A state in which reader "i" is requesting access to its 
critical section may therefore well be considered equivalent to a state in 
which some reader "j", with i 0 j, requests access to its section. 

(1) Cf. Howard & Alexander '73. 



Figure D.1. 
Ton-Reduced Syetem Diagram 

Readers 4 Yriters ' Problem 
( reader and 1 writer) 

229 
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Figure D.2. 
Reduced System Diagram 

3d  Readers &Thiters' Problem 

RR = Reader Request WR = Writer Request 
RE = Reader Entry WE = Writer Entry 
RX = Reader Exit WX = Writer Exit 
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Figure D.3. 
Folded System Diagram 

3d Readers' &Writers' Problem 
1' 
3' 

10' 

= 
= 
= 

1, 
3, 
7, 

2, 
4, 
8, 

	

5, 	6, 	9, 

	

12, 	15, 

	

10, 	16, 

11, 
17,  
18,  

13, 
20. 
19. 

14. 



Figure D.4. 
Reduced System Diagram 

3d ReadersVriters' Problem 
(arbitrary number of readers and writers) 
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The generating procedure for the construction of the system diagram must be 
adapted such that one can combine these equivalent' states in an early stage. 
In this manner one can derive a concise system diagram, like the one presented 
in figure D.4, ; which holds for arbitrary numbers of readers and writers. 
Below we give an interpretation of the diagram, while refering to the state 
numbers: 

(1) Empty state. All processes are in the initial state (i.e. 'idle'). 
Reader preference. 

(2) One or more readers have requested access. All others are idle. Reader 
preference. 

(3) One or more readers and one or more writers have requested access. All 
others are idle. Waiting writers are blocked; waiting readers are free. 
Reader preference. 

(4) One or more writers have requested access. All others are idle. Reader 
preference. 

(5) One or more readers are executing; zero or more readers have requested 
access. All others are idle. No reader has completed since state 5 was 
entered. 

(6) One or more readers are executing; zero or more readers have requested 
access, and one or more writers have requested access. All others are 
idle. No reader has completed since state 5 or 6 was entered. Waiting 
writers are blocked. 

(7) See state 5. At least one reader has completed. 
(8) See state 6. At least one reader has completed. Waiting readers and 

waiting writers are blocked. 
(9) One writer is executing. One or more readers, and zero or more writers 

have requested access. Waiting readers and waiting writers are blocked. 
(10) One writer is executing. Zero or more writers are waiting, and blocked. 

All others are idle. 
(11) See state 2. Writer preference. 
(12) See state 3. Waiting readers are blocked; waiting writers are free. 

Writer preference. 
(13) See state 4. Writer preference. 
(14) See state 1. Writer preference. 

Observe, that the solution analyzed here guarantees that writers cannot be 
starved, which is a result of the inclusion of states 7 and 8. (Waiting readers 
are blocked in state 8.) 

D.4. DISCUSSION 

The model developed in this appendix is inspired by the Mealy and Moore table 
models from sequential machine theory. There are, however, important differ-
ences from these models. The conventional models do not allow for the column-
transitions, which play an essential role in the model developed here. 
The conventional models do not allow for the overlapping of input and output 
sets, and there the output relations are defined differently. 

(Cf. '... the outputs of a Mealy machine are thought of as occurring 
while the machine is going through a transition between states." 
(Hartmanis & Stearns '66, pg. 16).) 

The reasons for our diverting from the conventional models are that a straight-
forward application of these models, which were explicitly designed for se-
quential machines, would create severe modelling problems, like: 

(1) Observe, that we give a new interpretation to the term 'equivalence' here. 
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• timing problems; 
an insuperable growth of the system diagrams, and 

• a loss of modelling clarity. 

Earlier, Bredt '70 has described the application of a transition table model 
to the analysis of arbitration algorithms in a multiprocessing system. Bredt 
assumed the availability of a special system component (a circuit or a process) 
to which all arbitration concerns could be delegated. The competing processes 
are assumed to send request signals to this 'arbiter' upon their entry to, and 
exit from, their critical program sections. The processes are forced to wait 
until the arbiter acknowledges their request. 
A similar approach was briefly outlined by Boute '78 ('the multiple finite 
state machine'). 
Bredt-did allow for finite but unbounded 'signal propagation times' between 
system components (e.g. processes). In the present model this would imply that 
the time between a row transition and the consecutive column transition(s) is 
unbounded, and that still other row transitions may be triggered in the mean-
time. Bredt was only able to handle the resulting increase in complexity by 
restricting himself to one specific type of coordination (i.e. with a dedicated 
system component: the arbiter) and a specific signalling strategy. 
The access of state variables in a coordinated system (e.g. via semaphore 
operations) is, however, mutually excluded anyway, so there is no need to allow 
for unbounded signal propagation times in the present case at all. 
Gilbert & Chandler '72 described a formal model for the analysis of concurrent 
processes with the aid of transition rules. Their method could, however, lead 
to an infinite set of transition rules, which would preclude analysis. Some 
improvements were presented by Lister '74. The method described by Lister can, 
however, still lead to an unmanageably large set if transition rules and sys-
tem states, though not infinitely large. Neither Gilbert & Chandler nor Lister 
applied or mentioned the transition table methods, though the underlying ideas 
of their methods are certainly comparable. The transition table method de-
scribed in this appendix improves both Gilbert & Chandler's and Lister's 
method significantly. 
As an example: the first (simplest) version of the readers/writers' problem 
with reader-priority, was analyzed by Lister. The system which solved this 
problem was modelled in a state diagram of 50 states and 88 transitions. 
With the transition table model described here we could model the third (most 
complex) version of the readers/writers' problem in a state diagram of only 14 
states and 31 transitions. Modelling the same simple problem as analyzed by 
Lister would lead to a reduced diagram of only 4 states and 6 transitions. ,  

Control-flow predicates 
It is fairly simple to model processes with arbitrary nestings of selection 
structures and/or iteration structures. Observe, that one can simply include 
the set of relevant control-flow predicates (and the operations on these) in 
sets or private 'auxiliary variables'. 

Automated analysis and design of coordination structures 
Each coordinated system of processes can be modelled in a set of transition 
tables and thus be analyzed with the aid of a system diagram. We may however 
conjecture that the reverse is also true: from a system diagram one can de-
rive transition tables which can be translated into a set of concurrent pro-
cesses coordinated with (extended d-) semaphores. (Assuming that the number of 
processes is known, and that the interpretation of the (given) system diagram 
is known, i.e. which transitions correspond to which processes.) The problem, 
for the moment, is that a single state diagram can yield a great number of 
transition tables of which only few correspond to practical programs. The ade-
quacy of the tables depends heavily on the precise coding of states in state 



235 

variables selected, and there are many ways to select such codings. 
We will not elaborate these points any further here, but leave them as an in-
teresting subject for further research. 
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Symbols 
T set of section tables, 
J set of state variables; input set, 
Q set of control states, 
U set of output variables; output set, 
A row transition relation, 
y column transition relation, 
(5 output relation, 
O set of reachable system states, 
(I) set of successor states. 

For the above symbols we use (1) right-hand superscripts to denote a specific 
coordinated system, (2) right-hand subscripts to denote a specific table in a 
system, and (3) left-hand subscripts to denote a specific set-element. Thus 
the symbol SA denotes the j-th element in set S of the t-th table in system A. j t 

Ek  state equivalence relation between systems, 
Ek state equivalence relation within systems, 
7k  the partitioning of (Q X J) defined by E. 

Abbreviations 
1. S, where S is a set of variables: the complete set of value-vectors, 
2. A(q,i) = q' is short for: ((q,i),q') e A, 
3. y(q,i) = i' is short for: ((q,i),i') e y, 
4. d(q,i) = u is short for: ((q,i),u) e 6, 
5.191, where S is a set: the cardinal number of set S, 
6. N(s,S), with s e S: the order number of element s in ordered set 5, 
7. .S '  where S is an ordered set: the j-th element in S, 
8. q[qj  := 	, where q = (q l ,q 2 , 	q0): the result of the replacement of 

the j-th element in q with (the value of) q', 
9. i[Uj := u'], where i e J, and u' e Uj: the result of the replacement of the 

current values of the variables specified in Uj (i.e. the output set of the 
j-th table) by those in u', that is: 

j 	
m
U
j 	

:= 
mjjj

), Wm) [1 < m < IU I -+ N( 
	

i 	(A(q,i),i) 
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10. S(a), where S is a set of state variables, and a is a stable system state: 
the value vector which specifies the current values of the input variables 
in state a. 

11. (1)(a), the set of successors of state a: 	(1). 
N(a,e) 

12. (4)(a)) P , the p-th generation of successors of state a: 

(cD(a)) 13  = 	S2 	(4)(e)) P-1  and (4)(e)) 1  = fle), 
eefla) 

13. (cT(a)) P , the p-th generation of predecessors of state a: 

(T)(a)) P  = 	0 	($(e)) 11-1  and ($(e)) 1  = $(e) = {s: e e (1)(s)}. 
ee43(a) 
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